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ANCTPAKT

Pa3Boj MyATUNAMKATMBHOI MULI/bEHA NPEACTaB/ba jefaH 04 K/by4YHUX KOpaKa y
MaTemMaTUYKom 0bpasoBakby yYeHMKa mnaaher WKonckor y3pacrta. L oBor uctpa-
JKMBatba bMO je Aa ce McnWTa yTMLAj Pa3ANYMTUX HACTaBHMX NPUCTYNA Ha ycrnewHocT
yyeHuKa u mn3bop cTpaTtervja nNpu peluaBarby BU3YeNHO NpPeaCTaB/beHUX 3afaTaka
MHOXeHa. VcTpaxmBatrbe je cnpoBefeHO Ha y30pKy o4 89 yyeHWKa apyror paspeaa
OCHOBHe LUKO/e, KOjU Cy BUAM Nnoaes/beHN y ABe eKCrnepumeHTasHe U jeaHy KOHTpon-
Hy rpyny. Y npBoj eKCnepuMeHTaNHoj rpynu HacTaBa je opraHM3oBaHa Kpo3 KoMbu-
HaumWjy BM3yesIHUX penpeseHTaumja U apuTMETUYKMUX NpaBuna, OOK je Apyroj rpynu
ynotpeba penpeseHTaumja noBesaHa ca 334auyMa PasINuUTUX CEMAHTUYKUX CTPYK-
Typa. KOHTpO/HA rpyna yunna je MHOXKere NPMMEHOM MPUCTYNa 3acHOBAHOr HA
MOZenNy jefHaKuX rpyna v NoHOB/bEHOM Cabuparby. Pe3yntaTv nokasyjy cTaTUCTUYKM
3HaYajHO Behu Hanpeaak y4eHUKa y eKCnepuMeHTaIHUM rpynama y o4HOCYy Ha KOH-
TPO/IHY rpyny, Kao u Behy 3aCTyN/beHOCT ePUKACHUJUX MYNTUNMKATUBHUX CTPaTeruja.
MocebHo ce n3aBajajy NpaBoyraoHe cxeme W AeKagHe penpeseHTauuje, yvje Kopu-
where noap:Kasa passujarbe GAeKCUBUNHUX CTPaTErMja MHOMKeHa.

K/byuHe peuun: My/amunaukamusHO pe30Ho8atbe, 8usyesnHe penpeeHmayuje, cmpa-
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YBog,

MyAnTUNANKATUBHO PE30HOBAtbE NPEACTaB/ba K/by4YHY KOMMOHEHTY MaTeMaThy-
KO MULL/bEHA YYEHMKA OCHOBHE LUKOJ/IE, KAKO Y PaHMM TaKO W Yy KAaCHUjUM roguHama
wkonoBama (Norton et al., 2015). UcTparknBarba y ob6a1actm maTematuykor obpasoBa-
Hba 4OCNEeAHO NOKasyjy Aad ce pa3Boj MyATUMNIMKATUBHOI MULL/bEHA HE 3aCHMBA CamMo
Ha ycBajarby payvyHCKe Mpoueaype W Ha oBnafaBarbe TabAnMULOM MHOXera, Beh 1 Ha
pasymeBatby BULIECTPYKMX 3HaYeHba MHOMEHA Y PasAUUUTUM MYNTUNANKATUBHUM
cuTyaumjama (Greer, 1992; Siemon et al., 2005; Vergnaud, 1983). Mako noHoOB/bEHO
cabuparbe YecTo ocTaje ,,UMNANLUTAH, HECBECHU U MPUMUTUBHU MOAEN" 33 MHOXKeHe
(Fischbein et al., 1985), Hay4yHWuUM Harnawagajy Aa je mogen NoHoB/beHor cabuparba
HenoTnyH u Aa je notpebHa 3HayajaHa KBa/UTAaTMBHA NMpomeHa Kako 6w ce pobuna
OCHOBa 33 MY/NTUN/IMKAaTUBHO MULL/bere (Greer, 1992).

OrpaHMYeHO M3farakbe yYeHWKa camo jefHOM TUMy cuTyaumja (Hnp. jegHake
rpyne) moxe LOBECTM 40 PeAyKOBAHOI pasymeBatba MHOXEHA M OC/akbatba Ha aau-
TUBHe cTpaTeruje (Barmby et al., 2009; Kosko, 2020; Zeljic et al., 2025). Y ToM KOHTeK-
CTYy, BM3yeNHe penpeseHTaumje Mmajy K/by4Hy Ynory jep YMHe BUA/bUMBOM CTPYKTYpPY
oaHoca usmehy KonMyMHa 1 NoAaprKasajy npenasak ca aguTUBHOT Ha MYATUMNINKATUBHO
pe3oHoBakbe (Battista, 2003; Steffe, 1994).

MUcTparkmBarba MOKasyjy Aa ynotpeba pPasHOBPCHUX, CTPYKTYPHO CMUCIEHUX
BM3YE/IHUX pernpeseHTaumja y pasinunutum MyaTUNAUMKATUBHUM KOHTEKCTMMA NOAprKa-
Ba GpNIeKCMBUNHOCT y pasMmuLu/bakby U Ayb/be pasymeBakbe MHOXKeHa Kao onepauuje, a
He caMo Kao NoHoB/beHor cabuparba (Barmby et al., 2009; Fuson, 2003; Van de Walle,
2006; Zeljic et al., 2025).

Teopujckn oksup

MyATUNAMKATMBHO MULL/bEHE: 04, CTpaTernja 4o penaumoHor
pasymeBamba

MpumeHa GNekcMBUNHUX CTpaTerja MHOXera NPeaCcTaB/ba BaXKHY KapaKkTepu-
CTUKY MYATUNINKATMBHOI MULWW/bera. Behu 6poj aytopa mctuye 3Hauyaj Kopuwhema
3a/laTaka pas/iMuMTe CEMaHTUUYKE CTPYKTYpe, Kao M CTaB Aa je pa3Boj MHTYUTUBHUX
cTpaTernja MHOXera YC/10B/bEH CEMAHTUYKOM CTPYKTYpom npobnema Koju ce pelsasa-
jy (Anghileri, 1989; Downton & Sullivan, 2017; Greer, 1992; Kouba, 1989; Mulligan &
Mitchelmore, 1997). Y npunor tome uay u pesyntatm 6pPojHUX UCTparkMBarba KOjM
NnoKasyjy Aa Aeua noceayjy MHTYMTMBHA 3Hatba M Aa MOTy A3 pellaBajy 3afaTke ca
MHOKerem npe dopmanHor ysohera ose onepauuje (Downton & Sullivan, 2017; Gre-
er, 1992; Kouba, 1989; Mulligan & Mitchelmore, 1997). layHToH 1 CanusaH (Downton
& Sullivan, 2017) nctuuy ga noactTMuarbe yYyeHuka ga ce 6aBe CNOXEHUUM 3a4aumma
nokpehe ynotpeby cobuctmumpaHmx ctpaternja. Y autepatypu ce moxe Hahu Hekonu-
KO pasnumnTmX Knacudukaumja ctpaternja (Tabena 1).
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Tabena 1
Knacugukayuja cmpameauja mHoXera

AyTopu Crtpateruje

o [InpekTHO bpojatbe (bpojatbe 6e3 pazmaTparba MyATUNANKATUBHE

CTPYKTYpe)
* PUTMHYKO Bpojarbe (bpojarbe Koje NpaTu CTPYKTYpy npobsiema,
Mulligan & HNp. 1, 2;3,4;5,6)
Mitchelmore * bpojatbe npeckakartbem (bpojatbe y rpynama Hnp. 2, 4, 6...)
(1997) ® AINTMBHO padyHare (HNp.2+2=4,4+2=6)

* MyATUNAMKATUBHO pavyHarbe (Kopuwhere HayYeHUX an n3BeseHnx
YMHEHMLLA O MHOXemY: 66 =36 nanakoje 5 -6 =30, oHAa ce Ha
56 goaaje jow 6)

e Ctpateruje ,,6poj cee” n ,,6poj no” (pasnnumte BpcTe bpojarsa)
® AOUTMBHO padyHatbe (MOHOB/beHO cabupatrbe: 2+2=4,4+2=6;
Kao n objegurbaBatbe rpyna u cabupare: 4 - 8 = 16 + 16)

Sherin & Fuson . "
o CTpareruvje 3acHoBaHe Ha obpacumma (Hnp. ,,NpaBuIo gecetnua

(2005) -
WK ,,NPaBuUIO AeBeT NpcTujy”)
* HayyeHu npounseogm (mexaHn4yko namhemre, 6e3 BUA/bUBOT pavyHatrba)
® XnbpugHe ctpaternje (KombuHauumje HaBeeHUX cTpaTeruvja)
e MpenasHo bpojatbe (BU3yanusaumja rpyna nomohy penpeseHTaumja,
HMP. NPCTUjY UK LpTEXKA)
¢ [ocTeneHo rpaherse: ABOCTPYKO Bpojarbe U bpojarbe No BUWEKPATHULMU-
ma (ocnama ce Ha bpojarbe npeckakarbem UAM KombuHaumjy 6pojarba
npecKkakakem 1 yaBoCTpyYaBatba)
Downton & * YaBOCTpyYaBakbe 1 npenosos/baBare (7-8=56jepje7-2=14,14+14
Sullivan (2017) =28,28 +28=56)

* MynTMNAUKATUMBHO padyHare (npema aedpuHuumju Mulligan i
Mitchelmore, 1997)

® X0/IMCTUYKO pasmuLLbatbe (pacTaB/bakbe 6pojeBa Kopuwherem
ANCTPUBYTMBHOT CBOjCTBA, rpynucarbe u/mam npoueHa nomohy
Nno3HaTUX NpoM3BoAa)

Ctnn n danen (Steel & Funnell, 2001) HarnawaBgajy Aa ce nporpecuparbe mare
edpukacHux ctpatervja y edmKkacHe cTpaTernje He Mopa HY*KHO JOroAUTU aKo Ce HUXO-
BOM Pa3Bojy He MNOCBETU NocebHa NaXKka. YYeHUUM Hajuewhe npumersyjy oHy cTpaTe-
rMjy Kojy Buae Kao Ao6po no3HaTK anroputam u curypHuju cy aa he ycnetu (Baranes et
al., 1989) nnun 3aTo WTO Bepyjy Aa Ce o4, M1X ouyekyje Aa ypase baw To.

MyATUNANKATUBHO PE30HOBAE MOMKE Ce pa3maTpaTv M Kpo3 Teopwujy Lema.
Mpema 0BOj TEOPUjU, OCHOBY MYATUMANKATUBHOI MULL/bEHA YUHU KOOPAMHAUMja jeau-
HMLA, KOja onucyje cnocobHOCT yyeHMKa Aa u3rpahyje cnoxeHe jeguHuue (jeanHuue
cacTaB/beHe 0f jeANHNLA) U OMNepULLE HUXOBUM Pa3IMYUTUM HUBOMMA U a NPUMEHY-
je oBe cTpyKType y pewaBaky npobnema (Hackenberg, 2010; Kosko, 2020; Steffe, 1994;
Tzur et al., 2021). JeduHucaHa cy TpM MyATUNAKKATMBHA KoHuenTa (Hackenberg, 2010;
Kosko, 2020), o4 KOjux HajHUXKM MoApa3yMeBa aHTUUMNALMjy jeAHOr HMBA jeaMHMUA
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(Hnp. y cuTyaumjn 4 - 6 y4eHUK MOXKe fa carnefa YeTupu WecTuLe), @ HajBuLWK noapa-
3yMeBa Za YYeHUUM MOTy Aa aHTULMNUPAjy TPM HMBOA jeaMHMLA (HAp. Y NPeTXoAHOM
npumepy y4eHWK MorKe fa carnega 12 -6 Kkao4 -6 +8 -6, aam M kao 10 - 6 + 2 - 6).
MNpema HaBeneHOj TeOPUjU, AAUTUBHO U MYATUNIMKATUBHO PE30OHOBAHE HE Pas/InKyjy
ce no onepaumjama Koje ce M3Boge, Beh nNo wemama Koje y4eHWK KOHcTpyuwe. Aaum-
TUBHO pPe30HOBake MoApasymeBa onepucarbe ca jegHUHULAMa (bpojatbe no jeaad),
OOK MYNTUM/IMKAaTUBHO pPe30HOBake YK/bydyje KOOpAUHALMjy BULIE HUBOA jeguHuLA —
CnocobHOCT Aa ce rpyne cxBaTe Kao HOBe jeAMHULE U Aa Ce OHe yHanpes carnenasajy v
KopucTe y onepucamy (Kosko, 2020).

Ynora penpeseHTauuja y pa3sujartby MyATUNIMKAaTUBHOT
MULLbEHA

PasymeBatbe MHOXerba He nogpasymeBa CamoO yCBajatbe HOBE apUTMETUYKe
onepauuje, Beh KBaAUTATUBHY NPOMEHY Y HAaUYMHY Ha KOjM yYEHMLM Pa3sMULLIbajy O Bpo-
jeBMMa, KoimMuMHama M jeamHuuama (Hiebert & Carpenter, 1992). Y TOM KOHTEKCTY,
BM3ye/IHe penpe3eHTauunje MMajy 3HayajHy ynory, aam camo YKOJMKO CYy CTPYKTYpPHO
noBesaHe ca MaTeMaTUYKMM 3Havyerem onepauuje. Y auTepatypu ce u3agaja Bulie
BPCTa MKOHMYKUX penpeseHTalMja MHOXeHa: jeiHaKobpPOojHM CKYMnoBM, MpaBoOyraoHe
cXxeme M MoAenu nospliM, fiMHeapHe penpeseHTauunje/6pojesHa npasa (Anghileri,
2000; Barmby et al., 2009; Battista et al., 1998; Carpenter et al., 2015; Fuson, 2003;
Greer, 1992; Kosko, 2020). JegHakobpojHe rpyne npeactas/bajy jegHy oA, OCHOBHUX
BU3YEeNHUX penpe3eHTauMja MHOXEeHaA Y NOYeTHO] HACcTaBM, Y KOjoj ce nojeamHayHe
jeamHuULe opraHuK3yjy y BuLle rpyna ca uctum bpojem enemeHata. Oe penpeseHTaumje
MMajy 3Ha4ajHy ynory y no4YeTHOM pa3ymeBakby OCHOBHOI 3Hauyera onepauuje MHo-
*ewa (Anghileri, 2000; Battista et al., 1998; Greer, 1992). Ynotpeba npaBoyraoHux
CXeMa je BeoMa KOpPUCHA pernpe3eHTalmja 3a pPa3Boj CTpaTernja MHOXeka, jep uctmde
MHorobpojHa 3Hauyerba onepauuje mHoxera (Anghileri, 2000; Barmby et al., 2009), a
He caMo Kao MOHOB/bEHO cabuparbe (Harries & Barmby, 2007). YyeHuun Koju cy mx
KOPWUCTUAIM yCMNEeLHWje cy nNpeno3HaBann CBOjCTBA KOMYTAaTUBHOCTU U ANCTPUBYTUBHO-
CTW, WITO UCTUYE 3HAYa] CTPYKTYPUCAHUX BU3YENTHUX MOAENA Y eKCNINLUTHOM NpeacTta-
B/batby MYATUMNAMKATMBHUX ofHoca (Jacob & Mulligan, 2014; Siemon et al., 2011;
Young-Loveridge, 2005). asbe, ynoTpeba npaBoyraoHe cxeme ocnocob/baBa yyeHuKe
[a CamMOCTasIHO UpTajy NpaBOyraoHe CXeme M KOPUCTE MUX KAo OJIaKLLMLE Yy padyHakby,
ann 1 Kao NoApPLUIKY 3a Pa3BOj IMYHUX CTpaTernje padyHama (Young-Loveridge, 2005). Y
KOHTEKCTYy pa3Boja KOHLLENTya/sHOr pasymeBatba MHOXKeha, AeKagHe (eHrn. base-10)
BM3ye/IHe penpeseHTaumje, UMajy 3HayajHy ynory y pasBojy MyATUNAMKATUBHOI pe3o-
HoBatba (Fuson, 2003; Van de Walle, 2006). [lekaaHe penpe3eHTauuje omoryhasajy
yYeHMLMMaA Aa yode feKagHy CTPYKTypy 6poja (y KOHTeKcy MHOKera asoumbpeHor
6poja) M fa MHOXKerbe TpeTUpajy Kao onepaumjy Hag TUM CTPYKTYPUCAHUM jeaMHMLaMa
YMeCTO Kao noHas/beHo cabuparbe (Fuson, 2003; Hiebert & Wearne, 1992). Ha npu-
Mep, pasfnarakbe npoussoga tvna 7 - 34 Ha 7 - (30 + 4) nocTaje pasym/bMBO KpO3 Mpo-
CTOPHY OpraHu3aumjy jeAnHMLa W geceTnua, a ANCTPUBYTUBHM 3aKOH Ce Nojassbyje Kao
nocnegmua CTPYKType penpeseHTalmje, a He Kao dopmasHO NpPasuno.
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EdumKacHOCT penpeseHTaumja 3aBUCK, Npe CBEra, 04, TOra Aa M yYeHULM ycnesa-
jy 4@ youe 1 KOOpPAMHULLY CTPYKTYPY jeauHULA Koje cy HMMa npeactas/beHe (Barmby
et al., 2009; Kosko, 2020). Apyrum peuyrma, penpeseHTaumje Mmory nogp:atu pasyme-
Batb€ MHOMEHA CaMO aKO YYEeHMLM MpPeno3Hajy oaHoce namehy enemeHara, rpyna u
C/IOXKEHUjUX jeanHMLa. UcTpaXkmBarba NOKA3yjy Aa Kopuwhere pasanynuTux BU3yenHUX
penpeseHTaumnja moxe noactahu aybsbe pasymeBarbe MHOXKeHA U NPUMEHY daeKcu-
6UNHUjUX cTpaTernja padyHara (Downton & Sullivan, 2017), a yTu4e M Ha HauyMH Ha
KOjWU yYeHMLUM KOHUEeNTyanusyjy myatunamkatmsHe ogHoce (Kosko, 2020). Mehytum,
YYEHULMN MOTY KOPUCTUTU PasanymnTe cTpaTernje Yak u Kaga page ca UCTOM BU3YesTHOM
penpeseHTauunjom (Kosko, 2020). OBo yKasyje Ha To ga u3bop cTpaTternje He 3aBuUcH
NCK/byuMBO oA, 06/1MKa penpeseHTaumje, Beh u o HauMHa Ha KOju je CTPYKTypa jeanHn-
Ua Yy HOj UCTAKHYTa U UHTepnpetTupaHa. Mako MynTUN/MKATUMBHA CTPYKTypa MOXe
[enoBaTn ounrneHo ogpacamma, 6pojHa UCTparkMBakba NOKA3yjy Aa AeLa Ty CTPYKTypy
He youaBajy cnoHTaHo (Anghileri, 1995; Barmby et al., 2009; Barmby et al., 2011). Yko-
JIMKO ce TOKOM HacTaBe Makha YYEeHMKa He ycmepasa Ha ogHoce mamehy jeamHuua,
BM3ye/IHe pernpe3eHTaumje MOory octaTM Ha HMBOY NOAPLUKE aAUTUBHUM CTpaTernjama,
YMECTO Aa NoACTakHy pa3Boj MyATUMNIMKATUBHOI pe3oHoBaka (Kosko, 2020; Lamon,
2007). Y Tom cmucay, usbop ctpatervja y Behoj mepu 3aBUCKM 04, HauMHa Ha Koju cy
jeanMHuLEe npeacTaB/beHe M KBaHTUOMKOBaHe Hero og came dopme penpeseHTauuje
(Kosko, 2020). Y cknagy ca Tum, paBemajep (Gravemeijer, 1999) BusyenHe penpeseH-
Taumje onucyje Kao cpeacTBa Koja ce MoCTeneHo TPaHCHOPMULLY M3 KOHTEKCTyasIHUX
anata 3a pewasatrbe npobiema y Hocmoue GOpPMaNHOr MaTeMATUYKOr 3HakbA.

Linmb n uctpaxkmpavka nutama

MpeTxoaHa TeopujcKa pasmaTtpakba yKasyjy Ha [ABa pa3anyuTa npuctyna passojy
MYATUMNANMKATUBHOT MULL/bEHA W CTpaTerMja MHOMKekba, WTO je npeacTaB/bano
nonasuwTe 3a Gbopmyamcarbe Npobaema oOBOr UCTPaKMBaHA. JeHa rpyna ayTopa cma-
Tpa Aa ydeHuum Tpeba Aa 6yay ynosHaTM ca apUTMETMYKMM MPaBUAMMA YMja eKCnau-
LUUTHa NpuMmeHa omoryhaBa pasymeBatbe cTpaTeryja MHoXera jegHoundpeHux 6poje-
Ba (Fuson, 2003; Go6tze & Baiker, 2021; Van de Walle, 2006). OBakaB npucTyn, y Kojem
ce OUCTPUOYTMBHOCT EKCMIMUMTHO pasmaTtpa, noactuye GaekcMbuaHo onepucarbe
Pa3IMYUTUM CNOXKEHUM jeaMHULAMA U TUME MOoAPKaBa Pa3Boj HajBULIEr HUBOA MYATU-
naMkaTMBHOr mmwsbemna (Kosko, 2020; Norton et al., 2015). [lpyra rpyna ayTopa cmaTpa
[Ja pasymeBarbe CBOjcTaBa onepaluja nNpousnasu U3 CMUCIEHUX aKTUBHOCTU U Npo-
6nema, a He camo 13 popmasaHor nogyyasarba (Carpenter et al., 2015; Nunes & Bryant,
1996; Siegler, 1988). MNpema 0BOj NepcrnekTnBM, ysohere apUuTMETUUYKMX NpaBuIa Huje
npegycnoB 3a pa3Boj cTpaTernja MHoKerba, Beh oHe mory 6UTK NoacTakHyTe ynoTpe-
60M PasNNUUTUX CEMAHTUYKUX CTPYKTypa TEKCTya/IHMX 3a4aTaka (Ambrose et al., 2003;
Anghileri, 1989; Bakker et al., 2014; Downton & Sullivan, 2017; Kouba, 1989; Mulligan &
Mitchelmore, 1997; Sherin & Fuson, 2005).

Y 0BOM WCTparkMBakby UCNUTYje Ce Koju o OBa ABa NpUCTyna npeacTas/ba 60/bu
OKBUP 33 Kopuwhere BM3yeNHUX penpeseHTaumja y Lu/by passoja cTpaTernja MHo-
Kera. CTora MCnuTyjeMo YCnewHOCT YYeHUKa U ynoTpeby cTpaTernja MHoXera npu
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pellaBarby 3aZaTaka ca Pas/IMunTMM BU3YeNHUM penpeseHTaumjama. MocebHo ncnuty-
jemo Kako 06MK W BpCTa penpeseHTaumnje yTuyy Ha pasymeBarbe MyATUMIMKATUBHE
cuTyaumje n u3bop ctpaTervje MHOXera.

Y cknagy ca Tum, dpopmynncaHa cy cnegeha ncTpaxkmBayka nuTama:

1) [a nm noctoje pasnnKe y yCNeLWHOCTU yYeHNKa Y peLlaBakby BU3yeNHO npea-
CTaB/bEHWX 3a4,aTaKa Y 3aBUCHOCTM Of, HACTaBHOT NPUCTYNa Kojem cy BUAM U3N0KEHN?

2) [Oa nwv ce rpyne yyeHUKa pasvKyjy y ynotpebu ctpatervja peluasara 3aja-
TaKa HaKOH MPMMeHe PasINYUTUX MHCTPYKLMOHUX Npuctyna?

3) Ha Koju HauMH 061K M BpCTa penpeseHTaLmje yTUYy Ha YCNewHOoCT YyY4eHMKa
y Npeno3HaBakby U pasymeBakby MyATUNANKATUBHUX CUTyaLMja, Kao U Ha n3bop ctpate-
rmja MHoOXema?

Metop

Y nctpaxkmBamy je KopuwheH KBasn-eKCNepuMEeHTaHU AM3ajH, KOjU je YK/byuu-
BAO ABe eKCnepuMeHTaNHe rpyne U jefHy KOHTPO/IHY rpyny. Pe3yntatu Koje npukasy-
jemo y oBom paly camo cy Ae0 pe3ynTaTa Wuper UCTparknsara. YKynaH y30paK YuHUIO
je 89 yueHuKa 13 Tpu oae/bera jeaHe ocHOBHe WKone y beorpaay, Cpbuja. CBu yueHu-
um 6unm cy yspacta 8 uam 9 roamHa, a ofesberba cy buna yjeaHayeHa NpUANMKOM ynuca
Y WKOAY 04, CTpaHe NesarowKo-NCUXonoLKe cayxbe. JeAHO ofe/berbe YNHWUAO je KOH-
TponHy rpyny (30 yyeHuKa), LLOK cy NpeocTana ABa o4e/berba YUNHWAQ eKCnepuMeHTan-
He rpyne — Fpyny apuTMeTUUYKMX NpaBuna (31 ydeHuK) u MFpyny cemaHTUUYKUX CTPYKTypa
(28 yueHuKa). Y3opak je 6o npurogaH, 6yayhm ga WKona y Kojoj je UCTparkuBarbe
cnposeseHo capahyje ca MHCTUTYLIMjOM UCTPaXKMBaYa.

MocTynaK U MHCTPYMEHTH

UcTparknBatbe je cnpoBefeHo Y HEKOIMKO eTana: MHWumjanHu TecT (HaKoH jea-
HOr Yaca obpaze HacTaBHe jeauHuue MHoxcerbe. 3HaK nyma); Peannsaumja HaCTaBHUX
YyacoBa; 3aBpLUHM TecT. MIHTepBeHUMja 3a CBaKy rpyny peasiM3oBaHa je TOKkom 16 yacosa
y nepuoay of YeTupu HeLesbe, NPU Yemy je CBE YacoBe Peasin3oBao MUCTU HACTAaBHMUK,
Koju je yjepHo 61O U jeaaH of UcTparkmMBaya. Bpeme 3a pag Ha TectoBMMa Huje 6uno
orpaHuyeHo.

Y CBpXy MCNUTMBAkba YCMELWHOCTM M CTpaTermja MHOXeHa, Ha 3afauuma ca
BM3Ye/IHUM pernpe3eHTaunjama KOHCTPYUCAH je MHULMjaNHU M 3aBPLUHM TeCT 3Hakba.
CBakM 0o, tbUX ce cacTtoju u3 4 3agatka. OBMM 33jauuma npoBepasa ce cnocobHocT
y4YeHuKa aa: 1) cactassbajy 6pojeBHe M3pase Koju oArosapajy 3a4aTtoj penpeseHTauumjm
M U3payyHaBajy HUXOBY BPEAHOCT; 2) NpUMeEHe pa3anyute ctpaTernje 3a ogpehusare
BpeaHOCTM Npoun3Boda; 3) Kpeupajy penpeseHTauMjy Koja oarosapa AaToM M3pasy.
Byaoyhu ga cy nojeayHu 3agaum MManu BulLE CTaBKW, YKynaH Bpoj cTaBKKM Koje cy Ha
TecTy 60of0BaHe je cegam. 3aBpLUHM TECT je UCTU KAao U UHULMjaNHU, Ca U3MEHEHUM
6pojeBnma. 3agaum cy npukasaHu y npunory (Mpwunor 1).
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UHTepBeHUMja

Y nporpamy 3a agpyru paspes matematuke y Penyb6auum Cpbuju (MpasunHnum,
2018-2023), Kao Mcxom, Be3aH 3a MHOXehe jegHouuobpeHux bpojeBa HaBoau ce Aa
Yy4YeHuK Tpeba [a ,yCMEHO MHOXM U OeNN Y OKBUPY NPBE CTOTUHE”. Y HauMHy ocTBapu-
Bakba Mporpama nuiie Ja ce MHOXekre Yrno3Haje Kao NoHOB/bEHO cabupare (cabupa-
e jeaHaKunx cabupaka), Aa ce NOCMaTPajy PasHU NPUMEPU KOjU NPeacTaB/bajy MyaTH-
NAMKATUBHY CXeMy (Kafia Ha N Mecta MMaMo NO M e/IeMeHaTa), @ Kao jefaH o4, BarKHUX
Lu/beBa NOCTaB/ba ce Nnamherbe Tabanue MHOXKea U aesberba fo 100.

Mako HactasHu nporpam y Cpbuju nmnanumtHo omoryhasa ynotpeby dnekcu-
6UNHUX cTpaTervja padvyHatba ysBoherem ogrosapajyhux apuTMeTUYKMX NpaBuna,
HarnalaBarbe MPUCTYNa MHOXehY Kao 36upy jefHaKuMx cabupaka ogparkaBa ce Ha
MeTogMuKe npuctyne y yubeHnumma, y cmucay aa yubeHnum He noapkaajy passuja-
tbe GNeKCUBUNHUX cTpaTerMja MHOXKeHa U pasyMaBakbe PasINuUTUX MYNTUNIMKATUB-
HUx cuTyaumja (Zelji¢ i Dabic Borici¢, 2020).

Crora, Hawa cTyauja ynopehyje ycnex y MHOXKery v ynoTpeby cTpaTerunja Kop,
TP rpyne y4eHuka.

MpBa rpyna (Fpyna apuTMeTUYKUX NpaBuaa) obyyaBaHa je cTpaTernjama MHo-
)K€Hba 3aCHOBAHWM HA apPUTMETUYKUM MPaBUIMMA Y3 CUCTEMATCKY ynoTpeby pasnnyu-
TUX BU3YyENHUX penpeseHTauumja.

[Opyra rpyna (Fpyna cemaHTMUYKMX CTPYKTYpa 3a4aTaka) yunna je MHOXKere Kpo3
ynoTpeby pasiMuMTMX BU3YENHWUX penpeseHTaumja y KOMBMHaALMjM ca TeKCTyasHUM
334aLMMa PasIMuMTMX CEMAHTUUYKKX CTPYKTypa. Tpeha rpyna, Koja je cay»Kmna Kao KoH-
TpoAHa rpyna, A4obuna je MHCTPYKUMje 3acHOBaHE Ha MOAEeNY jegHaKuX rpyna u noHo-
B/bEHOM cabupatby.

Ipyna apummemuyKkux npasuna

Y 0BOj rpynu HacTaBa MHOXeha jeaHounobpeHnx 6pojesa 6una je 3acHOBaHa Ha
[0CNefHOj MPUMEHU apUTMETUUYKMX NpaBuIa, NpU Yemy cy penpeseHTaumje kopuwhe-
He NPBEHCTBEHO Kao OCHOBA 3a M3paKaBakbe 3HayYera M NpMmeHy npasuna. Hajnpe cy
YYEHUUM YUUIN MHOXKere bpojeBuma 2, 5 1 10, a 3aTUM cy UM yBeaeHa apuUTMeETUYKa
npasuna (KOMyTaTUBHOCT, aCOLMjaTUBHOCT U AUCTPUBYTUBHOCT) KopucTehn anaakTuy-
KM npunarofheHe Ha3mBe U pa3nnumTte 06nKe penpeseHTaLmja.

ApuTMeTMYKa NpaBuaa Koja Cy yYeHMLUM YCBOjUAN MOCAYXKMAA CYy KaO OCHOBA 33
yBohere MHOXeHa NpeocTanmm jegHoundpeHum bpojeBnma. CBaKMU NyT yYeHULM cy
noacehaHu Aa NnpMMeHe NPaBWUIO aPUTMETUKE Koje Cy MPEeTXOL4HO HAayYuau. YYeHuLm cy
33aTUM NOACTULAHM A3 KOPUCTE PasiMunTe CTpaTernje MHOXera Ha OCHOBY penpeseH-
Taumje (Cnuka 1), Te cy objawwrbaBann cBoje NOCTynKe Kao NpumMeHy oapeheHux apuT-
METUYKMX NpaBuna.
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Cnuka 1
lpumep Kopuwhera 0eKadHUX penpe3eHmauyuja

Mpvmepun cy Aasbe BapupaHuM Tako WTO cy KopuwheHe penpeseHTaumja npasy-
raoHe cxeme (NonyT rope HaBeAEeHWX) U AOMUHCKe penpeseHTauumje. Ha noyeTky HacTa-
BE YYEHWUM CY KOPUCTUN BU3yeNHE penpeseHTalMje Kao NogpLUKy pasymesamy npa-
BMJIa U HbUXOBE NPUMEHE, AOK Cy KacHuje M3BOAMAN NpopadyHe 6e3 ynoTpebe penpe-
3eHTaumja.

Tpyna cemanmu4yKkux cmpykmypa

OCHOBHa pas/iMKa y OAHOCY Ha HAacTaBHW NPUCTYN NpumerseH y Mpynu aputme-
TUYKKUX NPaBKUIa jecte y TOME LITO yYeHUUM Y TPynu CeMaHTUUKUX CTPYKTypa HUcy 6uam
EKCMIULMTHO NOoyYyaBaHM apuTMETUMYKMM NpaBuanma. YMecTo Tora, 0Ba npasuaa cy
NpUMerNBaNn UMNIULMTHO, ociakajyhu ce Ha CTPYKType BU3YeNHUX penpeseHTaumja
M CemaHTMUYKe CTPYKType TeKCTya/lHWX 3aJaTtaka Koje cy pewasanu. KopuwheHe cy
penpeseHTauuje NPaBoOyraoHUX HW30Ba, AeKagHe penpeseHTaumje M jeaHake rpyne
(mommHoO-penpeseHTaumje), a cTpaTervje padyHarba Cy NOACTULAHE KPO3 HUXOBE Pas-
MUnTE CTPYKTYpe M Pa3HOBPCHO rpynucare cnoxKeHux jeamuuua (Cnavka 1). Mopep,
TOra, Y4EHUUM Cy pellaBanun TeKCTyasHe 3afaTKe Ca Pas/IMuUTUM CEMaHTUYKUM CTPYK-
Typama (jefHaKe rpyne, MynTunankaTueHo nopeherse, [lekapToB NpousBos, nNpasoyra-
OHe cXxeme, MepHM o0HOCK). ApUTMETMYKA NpaBuaa cy GOPManHO yBeAeHa TeK Y 3aBp-
wHoj dba3mn HacTaBe MHOXekrba jeaHoundpeHnx 6pojesa n HUCY KopuwheHa Kao ocHoBa
3a yyerbe MHOXeHba, 33 Pas/MKy o4 [pyne aputmeTnykux npasuna. NMpasuna cy obja-
WHbaBaHa KpPo3 reHepasiMsaumje 3acHOBaHe Ha PeannCcTUYHMM CUTyaumjama, CAUYHO
Kao y Fpynu apuTMeTUYKNX Npasuna.
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KoHmponHa epyna

Y KOHTpOAHOj rpynn MHOKeke jegHoumdbpeHnx b6pojeBa yuyeHo je Kpo3 aauTme-
HW npuctyn. OBaj HacTaBHW MOAeN 3aCHUBA C€ Ha HALMOHAZHOM HACTaBHOM MJIAHY U
nporpamy u nogpaH je ybeHMKomM Koju cy y4eHUUmM Kopuctuan. MHoxeme je npBeH-
CTBEHO NpeACTaB/baHO KPO3 MOAEN jeAHAKMX rpymna, AOK Cy ApYyra 3Hayerba MHOXeka
6112 MUHMManNHO 3actynsbeHa. OBaj NPUCTYN UHTErpuLLIEe agUTUBHO U MYITUNANKATUB-
HO MULW/bEHE W HarfalwagBa KOHLUENTyanHy pasanky uamehy cuTyaumja tmna ,m rpyna
o4 n enemeHaTta”. Oapehumsare nponssosa Asa 6poja 3acHMBANO ce HA NOHOB/LEHOM
cabupatby; Ha Nnpumep, 3 - 6 =6 + 6 + 6. Mlako cy NpaBMIa KOMYTAaTUBHOCTU M acouuja-
TUBHOT rpynuncara bunia noyyasaHa, yYeHULM Yy OBOj FPynu HUCY YYUIN MHOXKeHe 36u-
pa uaun pasnuke 6pojem (ANCTPUBYTUBHO CBOjCTBO) TOKOM HACTaBe MHOMKEHA jefHOLM-
¢dpeHunx bpojeBa. KomyTaTMBHOCT je yBegeHa nomohy npaBoyraoHe cXeme, ajau je reHa
npumeHa buna orpaHUYeHa Ha NOAPLUKY MHOXKekY nyTem cabuparba jegHakux cabupa-
Ka (HNp. nakuwe je nspavyyHaTn 2 - 6 Kao 6 + 6 Hero 6 - 2 Kao 36up wecT ABojKN). CANYHO
TOME, acoLMjaTUBHOCT je yBeAeHa KPO3 KOHTEKCTYaslHW MPUMEp, ain UCK/by4yMBO ca
UM/beEM [a ce MoKaxe Aa ce Tpu paKTopa MOry MHOXUTWU PasnMYUTUM pesocnefoM
(Hnp. 2 - (5-3) = (2 - 5) - 3). MaKo cy y4yeHMLM pasymenn oBa NpaBuaa U MOTIU 43 UX
npumeHe Ha 6pojeBe, OHa y Aa/boj HAacTaBU HUCY KopuwheHa Kao OCHOBA 3a cTpaTerunje
payyHakba, WTO 3HAYM [a je HMX0oBa onepaTuBHa ynoTpeba msoctana. MNpaBuao mHo-
*ewa 36upa 6pojem (cnepehun yubeHUK Kao OCHOBE 3a KOHLUMMMpake onepaTuBHOr
nnaHa) HWje yBeAeHO Y OKBMPY TEME MHOXee jegHoumdpeHmnx bpojesa.

MnaH aHanuse noparaka

CBakKu 3axTeB (CTaBKy) Ha TecTy 3Hawba (Mpwunor 1) 6oaoBanu cmo ca 2 noeHa
YKO/IMKO je yYeHUK NM1cao M3pas ca MHOMKEeHEeM, Ca jeHUM MOEHOM YKOMKO je Hamnu-
cao m3pas ca cabuparbem uam ca 0 NoeHa YKOIMKO HUje Hanucao uspas uam yKoAMKo je
[0LWao Ao oAroBopa NpebpojaBarbem.

MpuKasahemo MeTpujcKe KapaKTEPUCTMKe TecTa, a 3aTUM yrnopeguTn NOCTUrHY-
ha rpyna kopuctehu jegHodakTopcky ANOVA aHanusy 3a WHWUMjaNHU, OAHOCHO
ANCOVA aHanusy 3a 3aspluHu TecT. [la 61 ce aHanm3smpana ynotpeba ctpateruja (apyro
UCTPaXKMBAYKO NUTakbE), TPU UCTPAXKMBAYa Cy HE3aBMCHO Nperaesana CBaku TecT, pas-
MEHMNA CBOje M3BELUTaje O KaTeropujama M MOCTUIAa KOHCEH3YC O KOHAYHOj INCTH
KaTeropuja:

— MpebpojaBare (Kao wTo je onmcaHo y Mulligan & Mitchelmore, 1997 u Sherin
& Fuson, 2005);

— MoHoB/beHO cabuparbe, HMp. 2 + 2 + 2 = 6 (Sherin a & Fuson, 2005);

— Oynnuparee HNp. 7 - 8 = 56, Ha OCHOBY yABOCTPy4YaBakba: Aynao 7 je 14, 3aTum
14 + 14 =28, 1 28 + 28 = 56 (Downton & Sullivan, 2017);

— HayuyeHu npousBoau, Tj. AMPEKTHO noaceharbe Ha YMkbeHuLe MHOXKera be3
BMAJ/bMBOT M3payyHaBaba (Sherin a & Fuson, 2005);
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— MyATURAUKATUBHE cTpaTeruvje, Tj. pasnararbe 6pojeBa Kopuwherwem aUCTpU-
6yTMBHOr CBOjCTBA, acoOLMjaTMBHOCTM W/uanM npoueHe, Tj. Kopuwherbe NO3HATMX
(,nakmx”) npousBoga pa 6y ce u3payyHasna BPeSHOCT Hemos3HaTor MpPou3BOAa
(Downton & Sullivan, 2017).

Kako 61McmO o4rosopuan Ha nNuTakbe yTULaja 0b6/MKa M BpPCTe penpeseHTauuje
Ha YCMewWHOCT yYeHUKA U cTpaTervje MHOMXKera, aHanusupahemo uMHAeKce nakohe
3aZaTaka v pacnogeny cTpateruja Ha LLesiom y30pKy.

3a aHanu3y pasnuKa y pacnogenama kopuwherba ctpaTernja KopucTUaM cmo Xu-
KBagpat TecT. Moaaun cy aHannsmpanm y SPSS-y.

Pesyntatun

[eckpunTuBHM nokasaTesbM nocturHyha (M — aputmeTnyka cpeauHa, Md —
mepaujaHa, SD — ctaHaapaHa gesujaumja, Min, Max, Max% — npoueHaT y4eHMKa ca MaK-
cMManHMm 6poj NoeHa) 3a yKynaH CKOp Ha MHULMjAIHOM M 3aBPLUHOM TEeCTy NPUKasaHu
cyy Tabenum 2.

Tabena 2
JeckpunmusHu nokazamersou nocmuzHyha o 2pynama Ha UHUYUJAAHOM U 308pUWHOM mecmy

KoHTponHa rpyna [pyna aputmeTnuKmx lpyna cemaHTUYKNX
npasuna CTPYKTypa

Tect WHuumjanum  3aBpwHM UHuumjanHn  3aBpwHU  UHUumMjanHu 3aBpLUHK
M 6,60 5,90 8,97 11,29 8,96 12,07
Md 6,00 6,00 9,00 14,00 10,00 14,00
SD 3,95 4,72 3,81 4,20 3,95 3,34
Min 0 0 1 0 0 2
Max 14 14 14 14 14 14
Max_% 6,7% 6,7% 19,4% 54,8% 14,3% 64,3%

CKOPOBM Ha MHMLMjaIHOM TecTy MoKasajau Cy yMepeHy Moy3faHoCT MepeHy
KpoHbax anda koeduumnjeHtom (a0 = 0,76) y3 cTaHAapAHY rpewky mepera SEM = 1,95,
[OK je Ha nocTTecTy 3abenexeHa BUCOKa noy3gaHocT (a = 0,90) y3 HUXKY FpeLlKky mepe-
ta (SEM = 1,54). Ha 3aBpWHOM TecTy je youeH nspaxkeH cuauHr edekat, byayhu aa je
3HayajaH NpoLeHaT yYeHUKa Yy eKCnepuMMeHTaHUM rpynama OCTBAapWMIO MaKCMMasaH
cKop (14/14), wTo yKasyje Ha orpaHMYeHy AMCKPUMMHATMBHOCT TeCTa y roprem aeny
CKafle HaKOH MHTEPBEHLMje M 3axXTeBa ONpe3 Yy MHTepPNpeTaumnju pasamka y nocturHyhy
Ha 3aBPLIHOM TecTy. AHann3a CTaBKM (r — KOPUroBaHa Kopenaumja CTaBKM ca YKYMHUM
ckopum, a_del — a KoeduMuUMjeHT aKo ce cTaBKa M30CTaBU, p - UHAEKC nakohe, payyHaT
Kao NOMIOBMHA apUTMETUYKE CPeaMHe) Ha MHULMjaIHOM W 3aBPLUHOM TeCTy NpUKasaHa
jey Tabenu 3.
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Ta6ena 3
AHaU3a cMasKu Ha uHuyujaaHom (npe) u 3agpwHom mecmy (nocm)
CraBKka Tect 1) 2a) 26) 28) 3) 4a) 46)
M npe 1,12 1,03 0,89 0,99 1,33 1,37 1,44
nocr 1,10 1,45 1,19 1,16 1,65 1,63 1,54
SD npe 1,00 0,88 0,91 0,90 0,88 0,84 0,82
nocr 1,00 0,89 0,96 0,96 0,74 0,77 0,84
r npe 0,39 0,52 0,51 0,59 0,28 0,56 0,57
nocr 0,53 0,76 0,82 0,82 0,68 0,66 0,77
o_del npe 0,76 0,73 0,73 0,71 0,78 0,72 0,72
nocr 0,91 0,88 0,88 0,88 0,89 0,90 0,88
p npe 0,560 0,515 0,445 0,495 0,665 0,685 0,720

noct 0,550 0,725 0,595 0,580 0,825 0,815 0,770

Ha nHuumjanHom Tecty nHaekcu nakohe Kpetanm cy ce og, p = 0,445 po p = 0,720, y3
yMepeHe ANCKPUMMHATUBHOCTU (KopuroBaHa Kopenaumja ctaske og r = 0,28 po r = 0,59.
HajHUXKy AMCKPUMWMHATUBHOCT MMana je cTaBka 3, nNpu yemy 6u mM3ocTaB/batbe OBe
cTaBke 6naro nosehano noysgaHocT ckane. Ha 3aBpWHOM TecTy youyasa ce mopacT
nakohe sehuHe ctaBku (oa p = 0,550 8o p = 0,825) 1 usparkeHo 60/be ANCKPUMUHATUB-
He KapaKTtepuctuke (r= 0,53 go r = 0,82), wto je y cknagy ca Behom yHyTpallHbOM KOH-
3ucTeHTHowhy Ha 3aBpLWHOM TecTy. MIcToBpemeHo, HajBuLle BpeaHOCTU UHAEKCA NaKo-
he Ha cTaBkama 3 1 4a ykasyjy Ha TO Aa Cy Te CTaBKe Ha 3aBpLUHOM TecTy bune Bp/o
NlaKe 1 BepOoBaTHO AO0MNpPUHEse YOUEHOM CUAMHT eDEeKTYy Ha HUBOY YKYMHOT CKOpa.

3a ucnuTmMBarbe passiMka mehy rpynama Ha MHWUMjanHOM TecTy KopuwheHa je
jeaHodakTopcka ANOVA. lMpeTnoctaBKa XOMOFeHOCTM BapujaHcu 6una je ucnyreHa
(Levene p = 0,937). TecT je NoKa3ao CTaTUCTMYKKM 3HAYajHe passnKe y nocturHyhy Ha
nHuumMjanHom Tecty nsmehy tTpum rpyne, F (2,86) = 3,66, p = 0,030 (np? = 0,08), npu uemy
cy nocTt XoK nopehetba (Tukey) nokasana fa je KOHTPOJIHA rPyna MMana HUMXKe MoCTUr-
Hyhe y oaHocy Ha obe ekcnepumeHTasiHe rpyne (rpaHU4YHO 3HavajHo: p = 0,052 n p = 0,060),
[OK Ce eKcrnepuMeHTasiHe rpyne Hucy pasnaukosasne (p > 0,05).

C 063upom Ha noyeTHe pasnuKke y nocturHyhy, 3a nopehere rpyna Ha 3aBp-
LWHOM TecTy npumerbeHa je ANCOVA ca CKOpOM 3aBPLUHOTN TeCTA KAo 3aBMCHOM Bapwuja-
6/710M, @ CKOPOM WMHWUUMjaNHOT TecTa Kao KoBapujaTom. lMpeTnoctaBKa XOMOreHoCTU
perpecnoHunx Harnba 6una je ncnymeHa, jep MHTepakumja nsmehy rpyne m MHUUKMjanHor
CKOpa Huje Buna cTaTMCTUYKK 3HavajHa, F (2, 85) = 0,38, p = 0,682, np? = 0,01). Crora je
cnposegeHa ctaHgapaHa ANCOVA ca CKOPOM MHMUMjAAHOr TecTa Kao KoBapujaTom.
PesyntaTv cy nokasanu 3HadajaH edekaTt Kosapujate (F(2, 85) = 13,76, p < 0,001,
np? = 0,14), wWTo yKasyje Ha To Aa je Mo4YeTHO nocTurHyhe 3Ha4YajHO mMoBe3aHo ca ycne-
XOM Ha 3aBPLUHOM TecTy. HaKOH KOHTpO/e MHUUMjaNHOT TecTa, yTBPHEH je n ctaTucTuy-
KM 3HavajaH edekat rpyne (F (2, 85) = 14,56, p < 0,001, np? = 0,26), WTO 3Ha4n Aa ce
KOHTPOJIHA M ABE eKCNepuMeHTaNHe rpyne pas/inKyjy y NocTurHyhy Ha 3aBpLHOM TecTy
HEe3aBMCHO Of, NOYEeTHOr HMBOA 3Hatba. KOHTpPOAHA rpyna je Mmana 3HauyajHO HUXKY
nofeleHy cpeguHy y oaHocy Ha obe ekcnepumeHTtanHe rpyne (Tabena 4). MocT xoK
nopehera NofeLleHMxX cpeamHa Nokasana cy Aa je KOHTPOHA Fpyna ocTBapuaa CTatu-
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CTMYKM 3HAYajHO HUMKe NocTUrHyhe Ha 3aBPLUHOM TEeCTy Y OAHOCY Ha pyny aputmeTny-
Kux npasuna (p < 0,001) u Mpyny cemaHTUYKKMX CTPYKTypa (p < 0,001). HacynpoT Tome,
pa3nnka u3mehy pgBe eKcnepuMeHTasHe rpyne Huje Huna CTaTUCTUYKKM 3HaYajHa
(p > 0,05), wWTo yKasyje Ha TO Aa, HAKOH KOHTpOAE MHUUMjanHor nocTurdyha, aAge npu-
MereHe MHTepBeHLUMje AoBOAe A0 YyNopeaMBOr YUYMHKA HA 3aBPLUHOM TeCTy.

Tabena 4
Modewene cpeduHe (M_adj), CmaHdapoHa epewka (SE) u 95% uHmepsan noysdaHocmu (95% Cl)

3a ycrnewHocm Ha 3a8pWHOM mecmy

M_adj SE 95% Cl
KoHTponHa rpyna 6,52 0,73 [5,08, 7,96]
lpyna apuTmMeTUYKa NnpaBuia 10,97 0,70 [9,58, 12,36]
[pyna cemaHTU4YKa CTPYKTYpa 11,76 0,74 [10,29, 13,22]

HanomeHa. PayyHaTo 3a BpegHOCT KOBapujaTe Ha cpefHem HUBOY y30pKa 8,17.

®peKkseHLMje U NPOUEHTU Kopuwhera PasiMuMTUX CTpaTerMja Ha TeCcTOBMMA
npukasaHu cy y Tabenu 5. PesayntaT Xxn-KkBaapat TecTa NoKasyjy 4a ce rpyne pasiukyjy
no pacnogenu ynotpebe ctpaTernja Ha HMuUmjanHom Tecty x2(410,8) = 55,06, p < 0,01,
CramerV = 0,26 v Ha 3aBpwHOM TecTy x*(407,8) = 109,91, p < 0,01, CramerV = 0,37.

Ta6ena 5
dpexseHyuje U MpoyeHmMu cmpameauja Ha uHuyujaaHom (npe) u 3aspwHom (mocm) mecmy

Crpareruja KoTponHa rpyna [pyna apuTmeTnyKnx pyna cemaHTUYKUX
npasuna CTPYKTYpa
npe nocr npe nocr npe nocr
MpebpojaBatbe 60 11 21 3 32 3
48,0%  11,3% 13,6% 1,9% 24,4% 2,0%
roHos/ero 64 11 109 17 81 11
cabupare
51,2% 11,3% 70,8% 10,8% 61,8% 7,2%
Oynnavparse 1 9 22 54 14 56
0,8% 9,3% 14,3% 34,2% 10,7% 36,8%
Tabnmua 0 52 0 22 2 15
MHOetHba
0,0% 53,6% 0,0% 13,9% 1,5% 9,9%
MynTMI‘In.MKaTI/IBHe 0 14 5 62 5 67
cTpaTteruje
0,0% 14,4% 1,3% 39,2% 1,5% 44,1%

Pagu oTKpuBamba yTMLaja 06/1MKa M BPCTe penpeseHTaunje Ha nsbop crpateruja
KOZ, yYeHMKa NpuKasyjemo ynotpeby cTpaternja Ha yKynHom y3opky (Tabena 6). 3axTes
y NPBOM 3a4aTKy je Aa ce gonyHu camka (Mpwunor 1), na oBaj 3a4aTak HUje KopuwheH
npu ucnuTnBaky ynotpebe cTpateruja.
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Ta6ena 6
®pekseHyuja u npoyeHmMu ynompebe cmpamezuja Ha caakom 00 3adamakxa
Crpateruja Tect 2a) 26) 28) 3) 43) 46) YKynHO
MpebpojaBake npe 12 13 25 17 24 22 113
10,6% 11,5% 22,1% 15,0% 21,2% 19,5% 100%
noct 5 1 2 3 3 3 17
294% 59% 118% 17,6% 17,6% 17,6% 100%
MoHOoB/bEHO Cabu- npe 47 24 37 53 45 48 254
pare 185% 9,4% 14,6% 20,9% 17,7% 18,9% 100%
nocr 1 15 8 6 5 4 39
2,6% 385% 20,5% 15,4% 12,8% 10,3% 100%
Oynnupare npe 4 19 2 0 7 5 37
10,8% 51,4% 5,4% 0,0% 189% 13,5% 100%
noct 27 17 34 31 6 4 119
22,7% 14,3% 28,6% 26,1% 5,0% 3,4% 100%
Tabnvua mHoXerwa  npe 0 0 0 0 1 1 2
0,0% 0,0% 0,0% 0,0% 50,0% 50,0% 100%
noct 33 11 4 13 16 12 89
37,1% 12,4% 4,5% 14,6% 18,0% 13,5% 100%
MyntunamkatmsHe npe 0 0 0 1 1 2 4
cTpaTerunje 0,0% 0,0% 0,0% 25,0% 25,0% 50,0% 100%
noct 4 12 7 26 45 49 143

2,8% 8,4% 4,9% 182% 31,5% 34,3% 100%

Ouckycnja

Pe3yntatu nctpaxkmBarba NoKasyjy a pPasMynTM HaCTaBHU NPUCTYNN MHOXKEHY
YTUUY Ha YCMEeLWHOCT YY4EHUKA Y peLlaBakby BU3yeIHO NpeacTaB/beHUX MYATUNIMKATUB-
HUX 3ajaTaka, Tj. HA pa3ymeBarbe Pa3NUUUTUX MYAUTMIMKATUBHUX penpeseHTauuja.
HaKoH KoHTpone uHuumjanHor nocturiyha, aHanusa KoBapujaHce MOKasana je aa cy
yYeHUUmM obe ekcnepmmeHTasiHe rpyne NOCTUIIM CTaTUCTMYKM 3HaYajHO bosbe pesynTa-
TE Ha 3aBPLUHOM TECTy Y OAHOCY Ha KOHTPOJIHY rpyny, AOK pasfivka udmehy ase ekcne-
pUMeHTasHe rpyne Huje 6uaa CTaTUCTUYKM 3HavajHa. CTora, He3aBMCHO of Tora Aa /in
CYy yYeHMLM NnoAyyYaBaHu y3 NoMoh apUTMETUYKUX NPABMAA UM Y3 NOMON CEMAHTUYKUX
CTPYKTYpa, CUCTEMATCKKN paf, Ca Pas/IMYNTUM pernpeseHTauMjama MHOXKeHa AONPUHeo
je Behoj ycnewocTn yyeHMKa y pellaBakby BU3YeNHO NPencTaB/beHUX MYATUNINKATUB-
HUX 3agaTaka. OBuM pe3ynTatv notephyjy cTaB Aa HAacTaBa Koja je yCMepeHa UCK/bY4YMBO
Ha MofZen jeaHaKux rpyna He omoryhasa yyeHWUMMA Aa pasBujy WKMPWUHY 3HAYeHa
MHo3Kemna (Anghileri, 2000; Barmby et al., 2009; Gravemeijer, 1999; Hackenberg, 2010;
Kosko, 2020; Steffe, 1994; Tzur et al.,, 2021), Beh noacTnye orpaHUYEHO CxBaTakbe
MHOX€EHa Kao MOHOB/bEHOI cabuparba. Y TaKBOM KOHLENTYa/IHOM OKBUPY Yy4YeHULM
YecTo He ycneBajy Aa Npeno3Hajy MyATUMAMKATUBHY CTPYKTYPY Y HOBMM KOHTEKCTMMA
AW BU3YENHUM penpeseHTaumjama, WTo MoXKe A0BecT Ao cnabujux nocturHyha Ha
3a4aumma Koju 3axteBajy dpnekcmbunHuje pasymesarse (Kosko, 2020; Lamon, 2007).

51



MBAHA BECE/IMHOBUT, MAPUJAHA 3E/bUR, MUTAHA JABUH BOPUYUTR

MocebHo 3HaYajaH Hanas O4HOCK ce Ha AMHAMMUKY NOCTUTHYha yHyTap KOHTPO/-
He rpyne. [JeCKpUNTUBHU MOKa3aTe/bM MOKasyjy Aa YYEHULM KOHTPOJSIHE rpyne Hucy
OCTBapW/IM Hanpeaak TOKOM nepuosa MHTepBeHuuMje, Beh HanpoTMB, HUXOB NpoceyaH
pe3ynTaT Ha 3aBPLUHOM TeCTy BMO je HEeLTO HUXKKN HEero Ha UHUUMjanHom TecTy (Tabena
2). OBaj pe3ynTaT yKasyje He CaMo HA M30CTaHaK NO3UTUBHOT edeKTA NPUMEHEHOT NPU-
ctyna Beh u Ha moryhy cTarHauujy uam perpec y pasymeBarby MYATUMNAMKATUBHUX
ofiHOCca. Pe3ynTat KOHTPO/IHE Fpyne MoKasyjy HeA0BO/bEHO PA3BUjEHO pasymeBarbe
MYATUAANMKATUBHUX CUTyalmja, WTO MoXKe BUTM M nocnegmua npeHarnaweHocT! agu-
TUBHOI MULW/bera y Hactaeu (Clark & Kamii, 1996; Greer, 1992) og, Kora ce y4yeHUUM
TELWKO yAa/baBajy ako je OHO AOMMHAHTHO 3acTynsbeHo. OBM pe3ynTati Takohe noTep-
Hyjy 4a yyeHMUM He youaBajy CMOHTaHO MYATUNAMKATUBHY cTpyKTypy (Anghileri, 1995;
Barmby et al., 2009; Barmby et al., 2011). Ca gpyre cTpaHe, U3narakbe yYeHWKa pasnu-
YUTUM KOHTEKCTMMA omoryhaBa um aa dopmupajy mMpexy nosesaHMX 3Hauyerba M Aa
NPenosHajy 3ajeAHW4YKy CTPYKTYpY Y PasinyMTtUM npeacrtaBama MUCTe cuTyauuje
(Downton & Sullivan, 2017; Fuson, 2003; Siemon et al., 2005; Van de Walle, 2006). OBaj
Hanas nogprkasa CTAHOBULUTE Aa BM3YE/IHU MOAeNM GYHKUMOHULLY Kao HOCMOUM 3Ha-
Yyerba onepaumje MHOXema, jep omoryhaBajy KoopavHaumjy BMWeE HMBOA jeAuHULA U
nosesnBarbe CMMBONIMUKOr 3amMmMca ca 3HaYerbeM penpeseHTaunje MyNTUNANKaTUBHE
cutyaumje (Anghileri, 2000; Carpenter, 1992; Hiebert & Kosko, 2020; Mulligan &
Mitchelmore, 1997).

[pyrn VCTpaXKMBayKM 3afaTakK OOHOCMO CE Ha MUCMUTUBAKbE YTULAja HauyMHa
obpage MHoXera jegHoundppeHnx bpojesa Ha pa3Boj GNEKCMBUNHMX CTpaTerMja MHo-
Xera. Pe3ynTatv ucTpakmMBakba yKasyjy Ha 3HayajHe NpomeHe y cTpaTernjama MHo-
Xerba yYeHUKa nsmehy MHULMjanHOr M 3aBPLIHOr TeCcTMpakba. Ha MHMuMjanHom TecTy y
CBMM rpynama AOMWMHWMpane cy cTpaTtervje npebpojaBarba M MOHOB/LEHO Ccabuparbe,
LITO YKa3yje Ha OrpaHn4YeHO MyATUIIMKAaTUBHO pa3yMeBatbe U OC/atbakbe Ha CxBaTakbe
MHOXera Kao ,ckpaheHor” cabupatrba. OBaj Hanas je y ckiagy ca CTaBOM Ja pasBoj
MYATUMNANMKATUBHOT MULL/bEHA MPeAcTaB/ba NOCTENEH Npenas o4 aAUTUMBHOTN Ka pena-
LMOHOM pasymeBakby ogHoca uamehy KonmumHa (Greer, 1992; Siemon et al., 2005). Ha
3aBPLIHOM TECTYy yo4yaBa ce 3HauajaH nag ynoTpebe oBux cTpaTermja 1 nopact ynotpebe
Tab/NIMUHOr 3Haba MHOMKera U GNEeKCMBUNHUjUX cTpaTernja MHoxKera. [akne, 6es
063unpa Ha moZen nogy4yasaka, ydeHuum he ycnetn fa nogjefiHako 0BNAAAjy MHOXKe-
em jeaHoundpeHnx bpojesa. Mehytum, Kunnatpuk (Kilpatrick et al., 2001) je ucrakao
3Hayaj obpase npoueaypa W cTpaTervja padyHakba ca pasymeBakbeM, jep ycBajatbe
nctnx 6e3 pasymeBarba BoAM noTewkohama y padvyHarby ca BuweundpeHmum bpojesu-
ma (Zeljic et al., 2025). YyeHMUM KOHTPOAHE Fpyne HUCY NOKasasn CHaxKkaH nopact
GNEKCMBUNHUX MYNTUNAMKATUBHUX cTpaTernja. KoHTpoaHa rpyna ce Hajuewhe ocna-
Hbafla Ha HayyeHe npousBoae Aa 6u oapeaunna npoussogs Asa bpoja (53,6% kopuwhe-
HWX CTpaTervja), 3Ha4yajHO BULeE Of rpyne apuTMeTUYKUX npasuna (13,9%) v rpyne
cemaHTUYKe cTpyKType (9,9%). YUeHULM KOHTPOJIHE rpyne cy Takohe YecTo KopuCcTUam
NoHOB/bEHO cabuparse n npebpojaBare (No 11,3%). lomMHaHTHa ynoTpeba YnHeHNY-
HOT 3Hatba M OACYCTBO edUKACHMX CTpaTerMja yKasyjy Ha TO Aa Cy YYEHULM YNtbeHULe
MHOXEHa Hay4YMIM HanaMeT U 43 je HUXO0BO PasMuLL/bakbe OCTalIo0 aAUTUBHE Npupose
(Baroody, 2006; Steel & Funnell, 2001; Zeljic et al., 2019; Zeljic et al., 2025). Opyrum
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peyMma, HacTaBa 3aCHOBAHa Ha jegHaKMM rpynama W NOHOB/bLEHOM cabuparby omory-
haBa Kopuwhere npebpojaBarba, NOHOB/bEHOT cabupatba M Namhere Npon3Boaa, anu
He noAacTMye npenasak Ha BuULIe HMBOE KoopauvHaumje jeAMHULA U, NOCNeANYHO, Ha
BMLLE HMBOE MYATUNAMKATUBHOr pe3oHoBaka (Hackenberg, 2010; Steffe, 1994). Yue-
HUUWM cy, 6e3 063Mpa Ha edMKacHOCT cTpaTervje, npuberasann cTpaternjama y Kojuma
cy 6unu HajcurypHujm (Baranes et al., 1989). Mako oBakBo 3Hatbe omoryhaBa epurKacHo
pellaBarbe 334aTaka, OHO HE MOpa HY)KHO MoApasyMeBaTU pPasymMeBare Pas/INUYUTUX
MYATUAANMKATUBHUX CUTYaUMja HUTM cnocobHOCT n3bopa cTpaTtervje y 3aBUCHOCTM oA
KoHTeKcTa (Greer, 1992; Siemon et al., 2005). Hawwu pesynTtatv noTtephyjy ctaB ga 6e3
CUCTEMATUYHE NOAPLLKE KPO3 PasnunTe penpeseHTaumnje u akTMBHOCTU yyeHuum pehe
CMOHTaAHO pasBujajy coducTnumMpaHnje obanmke MyaTUNAMKATUBHOI pe3oHoBaka (Steel
& Funnell, 2001). CynpoTHO TOME, Y eKCNEePUMEHTAIHUM rPpynama YOUeH je uapaxkeH
nopact cTpaTernja Aynavpama U MynTUMIMKAaTUBHUX CTpaTernja, y3 makbe ociarbatbe
Ha YNCTO MEMOPMCAHO TabIMYHO 3Hake. Pe3ynTati noKasyjy Aa ynotpeba pasnmumntmx
penpeseHTauMja NOACTMYE U NPUMEHY XOJMCTUYKUX cTpaTervja (Battista, 2003;
Downton & Sullivan, 2017; Hackenberg, 2010; Jacob & Mulligan, 2014; Kosko, 2020;
Siemon et al., 2011; Steffe, 1994; Tzur et al., 2021), Kao 1 0bAMKOBatbe HauyMHa Ha Koju
YYEHUUM KOHUENTyanusyjy myntunamkatnsHe ogHoce (Kosko, 2020). Pag ca pa3HoBp-
CHMM penpeseHTauMjama MoxKe noactahum ocMmulwsbaBarbe CTpaTernja MHoXKera bes
HenocpegHoOr ocnakbarba Ha GopmanHa apuTMETMYKA NpasBuaa, WTO je y CKnaay ca
UCTparKMBakbMMa Koja MOKasyjy Aa ce CTpaTernje mory pasBujaTM Kpo3 CMUCIeHe
aKTMBHOCTM U pellaBarbe npobaema (Downton & Sullivan, 2017; Mulligan & Mitchelmo-
re, 1997). Pesyntatv Takohe nokasyjy Aa cy aeua mnaher yspacrta cnocobHa fa pasyme-
jy cBojcTBa onepaunja Kaga ce yTemesbyjy U3 CMUCIEHUX aKTUBHOCTM M npobnema (Car-
penter et al., 2015; Nunes & Bryant, 1996), Kao 1 aa Ux NpMMeHe Kao OCHOBY daeKcu-
6unHux ctpateruja (Fuson, 2003; Gotze & Baiker, 2021; Van de Walle, 2006).

HapeaHo UCTpaKmnBayKo NUTake 04HOCUIO Ce Ha YTMLAj 06/IMKa penpeseHTaLm-
je Ha pa3Boj MyATUNAMKATUBHOI MULL/bEHA U CTPaTermja MHoXKewa. Pesyntatm ucrpa-
)KMBakba NOKasyjy Aa 06/IMK 1 BpCTa penpeseHTauMje MMajy 3HayajaH yTuLaj U Ha ycne-
LWIHOCT Y4eHMKa U Ha M360op cTpaTernja MHOXeka, LWTO je Y CYNPOTHOCTM ca pe3ynTatu-
Ma Koje m3Hocu Kocko (Kosko, 2020). MpBK 3a4aTak Ha TecTy 3axTeBao je Aa y4eHuuu
JOBpLUe 3aMoy4yeTy NpaBoyraoHy CxeMy Ha OCHOBY AaTor u3pasa. McTpaxusara noKasy-
jy Aa cnocobHOCT camocTasHe KOHCTPYKLUMje NpaBoyraoHe penpeseHTauuje npeacra-
B/ba MOKa3aTes/b pa3BujeHujer MyATUNANKATMBHOT MULL/bera (Gravemeijer, 1999; Mul-
ligan & Mitchelmore, 1997; Young-Loveridge, 2005), koje omoryhasa npumeHy pasnu-
YUTUX cTpaTernja. BpeaHoCT MHAEKcA nakohe OBOr 3aJaTKa yKasyje Ha cpeamby ycne-
LWHOCT, KaKo Ha MHuumjanHom (p = 0,560), Tako 1 Ha 3aBpLluHOM TecTy (p = 0,550). OBaj
pesynTaTt ynyhyje Ha notTpeby gasber pasa Ha pasBujarby MyATUNMKATUBHOT MULL/bEHA
yyYeHuKa. PenaTMBHO HM3aK ycnex Moxe ce AeNMMUYHO 06jaCHUTM OrpaHUYEHUM UCKY-
CTBOM Y4YeHUKa, NocebHO KOHTPOJIHE rpyne, ca NPaBOYyraOHMM CXeMama y HacTasMu.

[pyrv 3agaTtak 3acHMBaoO ce Ha MOAeny jegHaKux rpyna, anu je ucrta cutyauumja
npeacTaB/beHa PasANYUTUM CTPYKTYPUCAHEM CIOXKEHMX jeAMHULA: KAao 6 - 4, ann 1 Kao
2:-4+2-4+2-4u3-4+3-4 Hajsehe TewkKohe jaB/bajy ce y 3agaumma 26 u 28
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(MHaeken nakohe Ha MHMLMjanHOM TecTy p = 0,515 oaHocHo p = 0,445), rae je CTpyKTy-
pa npeactaB/beHa Kao 36Mp napumjanHux npomssoga. YYeHUUM MoOpajy Aa yode Aa
BMLUE KOMMO3UTHUX jeANHULLA MOXKEe NpeacTaB/baTh UCTY KOJIMUMHY Kao jedaH nMpous-
BOJ, LUTO 3aXTeBa BMLUM HWUBO KOHLENTya/IHOT pa3ymeBama. Mpema Teopumju KoopamHa-
umje jegMHUUA, CNOCOBHOCT KOHCTpyMCarba M KOOPAMHAUMjE CNOMKEHWUX jeauHWUa
npeAcTaB/ba OCHOBY MyATUNAMKATUMBHOT mulbera (Hackenberg, 2010; Kosko, 2020;
Steffe, 1994). OBM pe3ynTaTu yKasyjy Ha TO A3 YYEHMLM YECTO AO0KMB/bABAj)Y MYNTUMNIU-
KaTUBHY CUTYauMjy Kao GUKCHY CTPYKTYpY, @ HE KaO OAHOC KOju Ce MOXe peopraHunso-
Bath (Kosko, 2020; Lamon, 2007). Ha Tpehem 3aaaTKy ca NpaBOyraoHOM CXEMOM, y4e-
HUUM NokKasyjy 6osba nocturHyha (p = 0,825), nocebHO Ha 3aBpLIHOM TecTy. To roBopu y
npunor craBoBMMa fga Kopuwhere NPaBOYraoHMX CXemMa MoApXKaBa pasymeBarbe
KOMYTaTMBHOCTM U SUCTPUBYTUBHOCTM W NoacTude ynotpeby dnekcMbuaHux crpateruja
MHo3Kemna (Anghileri, 2000; Harries & Barmby, 2007; Young-Loveridge, 2005). Y Tepmu-
HMMa Teopuje Wema, OHe O/aKlaBajy npenasak Ka BULIMM MYATUMIUKATUBHUM KOH-
uenTuma. Hajseha ycnewHoCT Ha MHMLMjaIHOM TecTy 3abene)keHa je Ha 3afauuma ca
AEKagHUM penpeseHTauuMjama (4eTBpTM 3agatak, p = 0,685 u p = 0,720), a BUCOKA
YCMewHOCT Ha OBOM 33JaTKy je U Ha 3aBplUHOM TecTy (p = 0,815, ogHocHo p = 0,770).
MpocTopHa opraHusaymja gecetmua v jeaguHuua omoryhaBa yyeHUMUMMA L@ MHOXKEHEe
nocmaTpajy Kao onepaumjy Hag CTPYKTYPUCAHMM jeaUHULAMA, @ He KAao MOHAaB/baHO
cabupame (Fuson, 2003; Hiebert & Wearne, 1992; Kosko, 2020; Tzur et al., 2021).

Hajsehu 6poj cTpaTernja Koje cy y4eHUUM WUHTYUTUBHO KOPUCTMUAU Mpe cucrte-
MmaTcKke obpage MHOXKeha je npebpojaBarbe U NOHOB/LEHO cabuparbe (113, ogHOCHO
254 cTpatervje, Tabena 6). 3ayajaH nopacT cTpaTervje Aynauparba y 3adatky 26 Ha
nHUumjanHom Tecty (51,4% ynotpebe cTpaTervje gynavparba je Ha OBOM 3a4aTKy) yKa-
3yje Ha pa3BOj CNOCOOHOCTM paja ca CnoxeHujum jegumHuuama (Hackenberg, 2010;
Kosko, 2020). Ca apyre cTpaHe, Ha 3aBPLUHOM TeCTy AOLW0 je npumeTHor nosehama
Kopuwhera MyATUNANKATUBHMX CTpATernja Ha 3agaLmma ca npaBoyraoHUM U AeKaAHUM
penpeseHTaumjama — og, 143 mynTUnNIMKaTUBHE CTpaTeruje Koje cy ynotpebsbeHe, 84% je
ynoTtpebsbeHo Ha Tpehem M yeTBPTOM 334aTKy. HaBefeHu pesynTaTv AenMmmyHo notephyjy
cTaB ga usbop ctparternja y Behoj mepu 3aBUCK 04, HauMHa Ha Koju je jeanHuua npeacTa-
B/bEHa M KBaHTUPMKOBaHa, Hero o4, came dopme penpeseHTaumje (Kosko, 2020).

Mehy orpaHuyersuMa cTyaunje MoxKe ce U34BOjUTU YMHbEHULA Aa je UCTPaXKUBa-
Hbe CNpoBeAeHO Ha NPUIrOAHOM Y30PKY YYEHUKA U3 jedHe LIKOJICKe YCTaHOBe, Npu Yemy
ce pe3ynTaTv Tymaye y OKBMPY HAacTaBHOI KOHTEKCTa u Baxkeher nporpama. Mopepg Tora,
6poj 3agaTtaka No nojeAMHMM TUNOBMMA BU3YEIHMX penpeseHTaumja 61o je orpaHuyeH,
LITO je yCNIOB/bEHO 06MMOM LWIMpe CTyauje, Npu Yemy Ccy Y OBOM pajy NpuKasaHu oaa-
6paHn AenoBu YKYMHOT UCTPAXKMBAYKOr maTepujana.

3aK/byuaK
Pe3yntatu uctpaxmBarba MNOKa3syjy Aa YCNEWHOCT YyYEHUKA Y pellaBatkby BU3Yyes-

HO NpeACTaB/bEHUX 3a4aTaka MHOMEHa Y 3Ha4YajHOj Mepu 3aBUCK 04, HACTaBHOI Moae-
/13 KOju je MpMMeHbEH, a Kao BaykaH GpaKTop M34B0jMOo ce M 06nK penpeseHTaumje. KoH-
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TPOAHA TPyna, Koja je yunna MHOXKere NPBEHCTBEHO KPO3 MOAEN jefHaKux rpyna u
NOHOB/bEHO Cabuparbe, HMje NoKasana Hanpesak Ha 3aBplIHOM TecTy, Beh je ocTBapu-
N1a M HeWTOo HuKa nocturHyha y ogHocy Ha MHUUMjanHO Meperse. DopmanHo ysoherbe
npasuna apuTMeTUKe y HacTaBy Hehe goBecTM A0 HMXOBe onepaTUBHe NpuMmMeHe 6e3
Kopuwherba penpeseHTaumja u Nnpobsiema Kojy Cy HOCMOLM 3HaYerba Npasuia U NocTy-
naka padyHarba. Halum pesyntati nokasyjy 4a aguTUBHU MPUCTYN, MAKO BaXkaH y pPaHoj
$asn U AOMMHAHTHO UCTAKHYT y Hawem nporpamy v yubeHuumMma, Huje A0BO/baH 33
Pa3B0j MyNTUMIMKAaTUBHOT MULL/bEHbA.

Y UeNuHKW, pesynTaTM OBOr MCTPa)KMBakba MMajy 3HauyajHe MMNAMKaumje 3a
06/1MKOBakbe HAaCTaBe MHOMEHA Y NOYETHOM MaTeMaTUYKOM 0bpasoBatby. OHM yKasyjy
Ha TO A4a Pa3BOj MYATUMIMKATUBHOT MULL/bEHba 3aXTEBA HACTaBy Koja MpPeBasniasn mo-
AeN NOHOB/beHOr cabuparba M CUCTEMATCKM YK/bydyje pag ca pasavyutum penpe-
3eHTaumMjaMa, CEMaHTUYKMM CTPYKTypama 3agaTaka M apuTMETMYKMM MPaBuInNMa Kao
HOCMOLMMA MaTEMATUYKOT 3HaYEHa.

PesynTtatM nocebHo yKasyjy Ha noTpeby 3a Behom 3acTynsbeHowhy gekagHux
penpeseHTauMja y HaCTaBHOj MpaKcu M yLBeHUYKUm maTtepujanmma, byayhu ga oHe
noapKaBajy pasymeBarbe MHOXeHA Kao onepaumje Hag CTPYKTYypUCaHMM jeauHuLama
W NoAcTUYY pa3Boj GAEKCUBUAHUIUX MYNTUNANKATUBHUX CTpaTernja. YNpKoc Tome, oHe
CYy Y NPAKCK YeCTO HeJ0BO/bHO 3aCTyM/beHE Y PaHOj HACTaBN MHOXEHa, Kao U Y CTyau-
jama Kojuma ce ucnuTyje ynora penpeseHTaumja y pasymeBatby MHOMKera jeaHOoLU-
¢dpeHux bpojesa.

Jlutepartypa

Ambrose, R., Baek, J. M., & Carpenter, T. P. (2003). Children’s invention of multidigit multiplication and
division algorithms. In A. J. Baroody & A. Dowker (Eds.), The development of arithmetic
concepts and skills: Constructing adaptive expertise (pp. 305-336). Lawrence Erlbaum
Associates Publishers.

Anghileri, J. (1989). An investigation of young children’s understanding of multiplication. Educational
Studies in Mathematics, 20, 367-385. https://doi.org/10.1007/BF00315607

Anghileri, J. (2000). Teaching number sense. A&C Black.

Anghileri, J. (1995). Children’s mathematical thinking in primary years: Perspectives on children’s
learning. Continuum.

Bakker, M., van den Heuvel-Panhuizen, M., & Robitzsch, A. (2014). First-graders’ knowledge of
multiplicative reasoning before formal instruction in this domain. Contemporary Educational
Psychology, 39(1), 59-73. https://doi.org/10.1016/j.cedpsych.2013.11.001

Baranes, R., Perry, M., & Stiegler, J. W. (1989). Activation of real-world knowledge in the solution
of word problems. Cognition and Instruction, 6(4), 287-318. https://doi.org/10.1207/
$1532690xci0604_1

Barmby, P., Bolden, D., Raine, S., & Thompson, L. (2011). Assessing young children’s understanding
of multiplication. In C. Smith (Ed.), Proceedings of the British Society for Research into
Learning Mathematics, 31(3), 1-6. British Society for Research into Learning Mathematics.

Barmby, P., Harries, T., Higgins, S., & Suggate, J. (2009). The array representation and primary
children’s understanding and reasoning in multiplication. Educational Studies in Mathematics,
70(3), 217-241. https://doi.org/10.1007/s10649-008-9145-1

55



MBAHA BECE/IMHOBUT, MAPUJAHA 3E/bUR, MUTAHA JABUH BOPUYUTR

Baroody, A. J. (2006). Why Children Have Difficulties Mastering the Basic Number Combinations
and How to Help Them. Teaching Children Mathematics, 13(1), 22-31. http://www.jstor.
org/stable/41198838

Battista, M. T. (2003). Understanding students’ thinking about area and volume measurement. In
D. H. Clements & G. Bright (Eds.), Learning and teaching measurement: 2003 Yearbook (pp.
122-142). National Council of Teachers of Mathematics.

Battista, M. T., Clements, D. H., Arnoff, J., Battista, K., & Van Auken Borrow, C. (1998). Students’
spatial structuring of 2D arrays of squares. Journal for Research in Mathematics Education,
29(5), 503-532. https://doi.org/10.5951/jresematheduc.29.5.0503

Carpenter, T. P., Fennema, E., Franke, M. L., Levi, L., & Empson, S. B. (2015). Children’s mathematics:
Cognitively guided instruction (2nd ed.). Heinemann.

Clark, F. B., & Kamii, C. (1996). Identification of Multiplicative Thinking in Children in Grades 1-5. Journal
for Research in Mathematics Education, 27(1), 41-51. https://doi.org/10.2307/749196

Downton, A., & Sullivan, P. (2017). Posing complex problems requiring multiplicative thinking
prompts students to use sophisticated strategies and build mathematical connections. Edu-
cational Studies in Mathematics, 95, 303-328.

Fischbein, E., Deri, M., Sainati Nello, M., & Sciolis Marino, M. (1985). The role of implicit models in
solving verbal problems in multiplication and division. Journal for Research in Mathematics
Education, 16(1), 3-17. https://doi.org/10.2307/748969

Fuson, K. (2003). Toward computational fluency in multidigit multiplication and division. Teaching
Children Mathematics, 9, 300-305.

Gotze, D., & Baiker, A. (2021). Language-responsive support for multiplicative thinking as unitizing:
Results of an intervention study in the second grade. ZDM — Mathematics Education, 53(2),
263-275. https://doi.org/10.1007/s11858-020-01206-1

Gravemeijer, K. (1999). How emergent models may foster the constitution of formal mathemat-
ics. Mathematical Thinking and Learning, 1(2), 155-177. https://doi.org/10.1207/
$15327833mtl0102_4

Greer, B. (1992). Multiplication and division as models of situations. In D. A. Grouws (Ed.), Hand-
book of research on mathematics teaching and learning (pp. 276-295). Macmillan
Publishing Company.

Hackenberg, A. J. (2010). Students’ reasoning with reversible multiplicative relationships.
Cognition and Instruction, 28(4), 383-432. https://doi.org/10.1080/07370008.2010.511565

Harries, T., & Barmby, P. (2007). Representing and understanding multiplication. Research in
Mathematics Education, 9(1), 33-45. https://doi.org/10.1080/14794800008520169

Hiebert, J., & Carpenter, T. P. (1992). Learning and teaching with understanding. In D. A. Grouws
(Ed.), Handbook of research on mathematics teaching and learning (pp. 65—97). Macmillan
Publishing Company.

Hiebert, J., & Wearne, D. (1992). Links between teaching and learning place value with understanding
in first grade. Journal for Research in Mathematics Education, 23(2), 98-122.
https://doi.org/10.2307/749496

Jacob, L., & Mulligan, J. (2014). Using arrays to build towards multiplicative thinking in the early
years. Australian Primary Mathematics Classroom, 19(1), 35-40. https://search.informit.
org/doi/10.3316/informit.231859877971648

Kilpatrick, J., Swafford, J., & Findell, B. (2001). Adding It Up: Helping Children Learn Mathematics.
National Academy Press.

Kosko, K. (2020). The multiplicative meaning conveyed by visual representations. Journal of
Mathematical Behavior, 60, 1-18. https://doi.org/10.1016/j.jmathb.2020.100800

56



Bu3yenHe penpeseHTaLmje Kao NOAPLLKA Pa3BOjy MYATUNIMKATUBHOT MULL/bEHA

Kouba, V. L. (1989). Children’s solution strategies for equivalent set multiplication and division
word problems. Journal for Research in Mathematics Education, 20(2), 147-158.
https://doi.org/10.2307/749279

Lamon, S. J. (2007). Rational numbers and proportional reasoning: Toward a theoretical frame-
work. In F. Lester (Ed.), Second handbook of research on mathematics teaching and learning
(pp. 629-668). Information Age Publishing.

Mulligan, J. T., & Mitchelmore, M. C. (1997). Young children’s intuitive models of multiplication
and division. Journal for Research in Mathematics Education, 28, 309-331.
https://doi.org/10.2307/749783

Norton, A., Boyce, S., Phillips, N., Anwyll, T., Ulrich, C., & Wilkins, J. L. M. (2015). A written in-
strument for assessing students’ units coordination structures. International Electronic
Journal of Mathematics Education, 10(2), 111-136. https://doi.org/10.29333/iejme/295

Nunes, T., & Bryant, P. (1996). Children doing mathematics. Blackwell.

Pravilnik o nastavnom planu i programu za drugi razred osnovnog obrazovanja i vaspitanja
(2018-2023). Sluzbeni glasnik RS — Prosvetni glasnik, br. 16/2018-47, 3/2019-1, 5/2021-1,
13/2023-457.

Sherin, B., & Fuson, K. (2005). Multiplication strategies and the appropriation of computational
resources. Journal for Research in Mathematics Education, 36(4), 347-395.

Siegler, R. S. (1988). Strategy choice procedures and the development of multiplication skill. Jour-
nal of Experimental Psychology: General, 117(3), 258-275. https://doi.org/10.1037/0096-
3445.117.3.258

Siemon, D., Beswick, K., Brady, K., Clark, J., Faragher, R. and Warren, E. (2011). Teaching mathe-
matics: Foundations to middle years. Oxford University Press.

Siemon, D., Breed, M., & Virgona, J. (2005). From additive to multiplicative thinking - The big
challenge of the middle years. In J. Mousley, L. Bragg, & C. Campbell (Eds.), Mathematics -
Celebrating Achievement, Proceedings of the 42nd Conference of the Mathematical Associ-
ation of Victoria (pp. 278-286). MAV.

Steel, S., & Funnell, E. (2001). Learning multiplication facts: A study of children taught by discov-
ery methods in England. Journal of Experimental Child Psychology, 79(1), 37-55.
https://doi.org/10.1006/jecp.2000.2579

Steffe, L. P. (1994). Children’s multiplying schemes. In G. Harel & J. Confrey (Eds.), The develop-
ment of multiplicative reasoning in the learning of mathematics (pp. 3—39). State University
of New York Press.

Tzur, R., Johnson, H. L., Norton, A., Davis, A., Wang, X., Ferrara, M., Harrington, C., & Hodkowski,
N. M. (2021). Children’s spontaneous additive strategy relates to multiplicative reasoning.
Cognition and Instruction, 39(4), 451-476. https://doi.org/10.1080/07370008.
2021.1896521

Van de Walle, J. A. (2006). Elementary and middle school mathematics: Teaching developmentally
(6th ed.). Allyn & Bacon.

Vergnaud, G. (1983). Multiplicative structures. In R. Lesh & M. Landau (Eds.), Acquisition of math-
ematics concepts and processes (pp. 127-174). Academic Press.

Young-Loveridge, J. (2005). Fostering multiplicative thinking using array-based materials. The
Australian Mathematics Teacher, 61, 34-40. https://search.informit.org/doi/10.3316/
informit.172050577621250

Zelji¢, M., Dabic¢ Bori¢i¢, M., & Doki¢, O. (2019). Multiplication strategies: Progressive develop-
ment and (or) systematic teaching. In J. Novotna & H. Moraova (Eds.), Opportunities in

57



MBAHA BECE/IMHOBUT, MAPUJAHA 3E/bUR, MUTAHA JABUH BOPUYUTR

Learning and Teaching Elementary Mathematics (pp. 418—-427). Charles University, Faculty
of Education.

Zelji¢, M. i Dabi¢ Borici¢, M. (2020). Udzbenik u funkciji razvoja multiplikativnog misljenja. [A
textbook for the development of multiplicative thinking]. U Z. Opaci¢ i G. Zelji¢ (ur.), Pro-
gramske (re)forme u obrazovanju i vaspitanju — izazovi i perspektive (str. 393—405). Beo-
grad, Uciteljski fakultet.

Zelji¢, M., Veselinovi¢, |., & Borici¢, M. D. (2025). Developing strategic flexibility in multiplication:
The role of different teaching approaches. Thinking Skills and Creativity, 60, 102111.
https://doi.org/10.1016/j.tsc.2025.102111

Mpunosun
Mpwunor 1
3adayu KopuwheHu y ucmpaxusary

58



Visual representations as support for the development
of multiplicative thinking

Ivana Z. Veselinovi¢*

Primary School ,,Branko Radicevi¢”, Belgrade
Marijana Z. Zelji¢*

University of Belgrade, Faculty of Education
Milana M. Dabi¢ Borigi¢"

University of Belgrade, Faculty of Education

ABSTRACT

The development of multiplicative thinking represents one of the key steps in the
mathematical education of early primary school students. The aim of this study was
to examine the impact of different instructional approaches on students’
achievement and their choice of strategies when solving visually represented
multiplication tasks. The study was conducted on a sample of 89 second-grade
primary school students, who were divided into two experimental groups and one
control group. In the first experimental group, instruction was organized through a
combination of visual representations and arithmetic rules, while in the second group
the use of representations was linked to tasks of different semantic structures. The
control group learned multiplication through an approach based on the equal groups
model and repeated addition. The results indicate a statistically significant greater
improvement in the experimental groups compared to the control group, as well as a
higher prevalence of more efficient multiplicative strategies. In particular, rectangular
arrays and decade-based representations stand out, as their use supports the
development of flexible multiplication strategies.

Keywords: multiplicative thinking, visual representations, multiplication strategies,
primary school mathematics.

Introduction

Multiplicative reasoning is a key component of primary school students'
mathematical thinking, both in the early and later years of schooling (Norton et al.,
2015). Research in mathematics education consistently shows that the development of
multiplicative thinking is not based only on the acquisition of computational procedures
and mastery of the multiplication table, but on understanding the multiple meanings of
multiplication in different multiplicative situations (Greer, 1992; Siemon et al., 2005;
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Vergnaud, 1983). Although repeated addition often remains an “implicit, unconscious,
and primitive model” for multiplication (Fischbein et al., 1985), scholars emphasize that
the repeated-addition model is incomplete and that a significant qualitative change is
needed in order to provide a basis for multiplicative thinking (Greer, 1992). Limited
exposure of students to only one type of situation (e.g., equal groups) may lead to a
reduced understanding of multiplication and reliance on additive strategies (Barmby et
al., 2009; Kosko, 2020; Zeljic et al., 2025). In this context, visual representations play a
key role because they make the structure of relationships between quantities visible
and support the transition from additive to multiplicative thinking (Battista, 2003;
Steffe, 1994). Research shows that the use of diverse, structurally meaningful visual
representations in different multiplicative contexts supports flexibility in thinking and a
deeper understanding of multiplication as an operation, not only as repeated addition
(Barmby et al., 2009; Fuson, 2003; Van de Walle, 2006; Zeljic et al., 2025).

Theoretical Framework

Multiplicative thinking: from strategies to relational
understanding

The application of flexible multiplication strategies is an important characteristic
of multiplicative thinking. A number of authors emphasize the importance of using
tasks with different semantic structures, as well as the view that the development of
intuitive multiplication strategies is conditioned by the semantic structure of the
problems being solved (Greer, 1992; Kouba, 1989; Mulligan & Mitchelmore, 1997;
Anghileri, 1989; Downton & Sullivan, 2017).

This is also supported by the results of numerous studies showing that children
possess intuitive knowledge and can solve multiplication tasks before this operation is
formally introduced (Downton & Sullivan, 2017; Greer, 1992; Kouba, 1989; Mulligan &
Mitchelmore, 1997). Downton and Sullivan (2017) emphasize that encouraging
students to engage with more complex tasks prompts the use of sophisticated
strategies. Several different classifications of strategies can be found in the literature
(Table 1).

Table 1
Classification of multiplication strategies

Authors Strategies

e Direct counting (counting without considering multiplicative structure)
® Rhythmic counting (counting that follows the structure of the

Mulligan & problem, e.g., 1, 2; 3,4;5,6)
Mitchelmore e Skip counting (counting in groups, e.g., 2, 4, 6, ...)
(1997) ¢ Additive calculation (e.g.,2+2=4,4+2=6)

¢ Multiplicative calculation (using learned or derived multiplication facts:
6 x 6 =36, orif 5 x 6 = 30, then another 6 is added to 5 x 6)
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Authors Strategies

® “Count all” and “count by” strategies (different types of counting)
o Additive calculation (repeated addition: 2 +2 =4, 4 + 2 = 6; as well
Sherin & Fuson as combining groups and adding: 4 x 8 = 16 + 16)
(2005) * Pattern-based strategies (e.g., the “tens rule” or the “nine-finger rule”)
¢ Learned products (rote memorization, without visible calculation)
¢ Hybrid strategies (combinations of the listed strategies)

¢ Transitional counting (visualization of groups using representations, e.g.,
fingers or drawings)

® Progressive construction: double counting and counting by multiples
(relying on skip counting or a combination of skip counting and doubling)

* Doubling and halving (7 x 8 =56 because 7 x 2 =14, 14 + 14 =28, 28 + 28 =56)

e Multiplicative calculation (according to the definition by Mulligan and
Mitchelmore, 1997)

e Holistic thinking (decomposing numbers using the distributive property,
grouping and/or estimating using known products)

Downton & Sullivan
(2017)

Steel and Funnell (2001) emphasize that the progression from less efficient
strategies to efficient strategies does not necessarily occur if special attention is not
devoted to their development. Students most often apply the strategy that they
perceive as a familiar algorithm and with which they feel more certain they will succeed
(Baranes et al., 1989), or because they believe that this is precisely what is expected of
them. Multiplicative reasoning can also be considered through schema theory.
According to this theory, the basis of multiplicative thinking is units coordination, which
describes students' ability to construct and operate with different levels of composite
units (units composed of units) and to apply these structures in problem solving
(Hackenberg, 2010; Kosko, 2020; Steffe, 1994; Tzur et al., 2021). Three multiplicative
concepts have been defined (Hackenberg, 2010; Kosko, 2020), the lowest of which
involves anticipating one level of units (e.g., in the situation 4 x 6, a student can
perceive four sixes), while the highest involves students being able to anticipate three
levels of units (e.g., in the previous example, a student can perceive 12x6as 4 x 6 + 8 x
6, but also as 10 x 6 + 2 x 6). According to this theory, additive and multiplicative
reasoning do not differ in terms of the operations performed, but in terms of the
schemas that the student constructs. Additive reasoning involves operating with units
(counting by ones), whereas multiplicative reasoning includes the coordination of
multiple levels of units — the ability to understand groups as new units and to anticipate
and use them in operations (Kosko, 2020).

The role of representations in developing multiplicative thinking

Understanding multiplication does not involve only the acquisition of a new
arithmetic operation, but also a qualitative change in the way students think about
numbers, quantities, and units (Hiebert & Carpenter, 1992). In this context, visual
representations play an important role, but only if they are structurally connected to
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the mathematical meaning of the operation. The literature identifies several types of
iconic representations of multiplication: equal groups, rectangular arrays and area
models, and linear representations/number lines (Anghileri, 2000; Barmby et al., 2009;
Battista et al., 1998; Carpenter et al., 2015; Fuson, 2003; Greer, 1992; Kosko, 2020).
Equal groups are one of the basic visual representations of multiplication in early
instruction, in which individual units are organized into several groups with the same
number of elements. These representations have an important role in the initial
understanding of the basic meaning of the multiplication operation (Anghileri, 2000;
Battista et al., 1998; Greer, 1992). The use of rectangular arrays is a very useful
representation for the development of multiplication strategies, because it highlights
the many meanings of the multiplication operation (Anghileri, 2000; Barmby et al.,
2009), and not only multiplication as repeated addition (Harries & Barmby, 2007).
Students who used them more successfully recognized the properties of commutativity
and distributivity, which emphasizes the importance of structured visual models in
explicitly representing multiplicative relationships (Jacob & Mulligan, 2014; Siemon et
al., 2011; Young-Loveridge, 2005). Furthermore, the use of rectangular arrays enables
students to draw rectangular arrays independently and use them as support in
calculation, as well as support for the development of personal calculation strategies
(Young-Loveridge, 2005). In the context of developing conceptual understanding of
multiplication, base-ten visual representations have an important role in the
development of multiplicative reasoning (Fuson, 2003; Van de Walle, 2006). Base-ten
representations enable students to notice the base-ten structure of a number (in the
context of multiplying a two-digit number) and to treat multiplication as an operation
on these structured units rather than as repeated addition (Fuson, 2003; Hiebert &
Wearne, 1992). For example, decomposing a product such as 7 x 34 into 7 x (30 + 4)
becomes understandable through the spatial organization of ones and tens, and the
distributive law appears as a consequence of the structure of the representation, rather
than as a formal rule.

The effectiveness of representations depends primarily on whether students
manage to notice and coordinate the structure of the units represented by them
(Barmby et al., 2009; Kosko, 2020). In other words, representations can support the
understanding of multiplication only if students recognize the relationships among
elements, groups, and more complex units. Research shows that the use of different
visual representations can foster a deeper understanding of multiplication and the
application of more flexible calculation strategies (Downton & Sullivan, 2017), and it
also influences the way students conceptualize multiplicative relationships (Kosko,
2020). However, students may use different strategies even when working with the
same visual representation (Kosko, 2020). This indicates that the choice of strategy
does not depend exclusively on the form of the representation, but also on the way in
which the structure of units within it is highlighted and interpreted. Although
multiplicative structure may seem obvious to adults, numerous studies show that
children do not notice this structure spontaneously (Anghileri, 1995; Barmby et al.,
2009, 2011). If students' attention during instruction is not directed toward the
relationships among units, visual representations may remain at the level of support for
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additive strategies, instead of encouraging the development of multiplicative reasoning
(Lamon, 2007; Kosko, 2020). In this sense, the choice of strategies depends more on the
way units are represented and quantified than on the form of the representation itself
(Kosko, 2020). Accordingly, Gravemeijer (1999) describes visual representations as tools
that gradually transform from contextual tools for problem solving into carriers of
formal mathematical knowledge.

Aim and research questions

The preceding theoretical considerations point to two different approaches to
the development of multiplicative thinking and multiplication strategies, which
constituted the starting point for formulating the problem of this study. One group of
authors holds that students should become familiar with arithmetic rules whose explicit
application enables an understanding of multiplication strategies for single-digit
numbers (Gotze & Baiker, 2021; Fuson, 2003; Van de Walle, 2006). This approach, in
which distributivity is explicitly addressed, encourages flexible operations with different
composite units and thereby supports the development of the highest level of
multiplicative thinking (Kosko, 2020; Norton et al., 2015). A second group of authors
holds that understanding the properties of operations emerges from meaningful
activities and problems, and not only from formal teaching (Carpenter et al., 2015;
Nunes & Bryant, 1996; Siegler, 1988). According to this perspective, the introduction of
arithmetic rules is not a prerequisite for the development of multiplication strategies;
rather, such strategies can be encouraged through the use of different semantic
structures of word problems (Ambrose et al., 2003; Anghileri, 1989; Bakker et al., 2014;
Downton & Sullivan, 2017; Kouba, 1989; Mulligan & Mitchelmore, 1997; Sherin &
Fuson, 2005). This study examines which of these two approaches provides a better
framework for using visual representations to develop multiplication strategies.
Therefore, we examine students' achievement and the use of multiplication strategies
when solving tasks with different visual representations. In particular, we examine how
the form and type of representation affect the understanding of a multiplicative
situation and the choice of multiplication strategy.

Accordingly, the following research questions were formulated: (1) Are
there differences in students' success in solving visually represented tasks
depending on the instructional approach to which they were exposed? (2) Do
groups of students differ in their use of task-solving strategies after the
implementation of different instructional approaches? (3) In what way do the
form and type of representation influence students' success in recognizing and
understanding multiplicative situations, as well as their choice of multiplication
strategies?

Method

A quasi-experimental design was used in the study, involving two experimental
groups and one control group. The results presented in this paper are only part of the
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results of a broader study. The total sample consisted of 89 students from three classes
of one primary school in Belgrade, Serbia. All students were 8 or 9 years old, and the
classes had been balanced at school entry by the pedagogical-psychological service.
One class constituted the control group (30 students), while the remaining two classes
constituted the experimental groups — the Arithmetic Rules Group (31 students) and
the Semantic Structures Group (28 students). The sample was convenient, since the
school in which the study was conducted collaborates with the researchers' institution.

Procedure and instruments

The study was conducted in several stages: Initial test (after one lesson on the
teaching unit Multiplication. The times sign.); implementation of lessons; final test. The
intervention for each group was implemented over 16 lessons during a four-week
period, with all lessons taught by the same teacher, who was also one of the
researchers. The time for working on the tests was not limited.

For the purpose of examining success and multiplication strategies on tasks with
visual representations, an initial and a final knowledge test were constructed. Each
consisted of 4 tasks. These tasks assessed students' ability to: 1) compose numerical
expressions that correspond to a given representation and calculate their value; 2)
apply different strategies to determine the value of a product; 3) create a
representation that corresponds to a given expression. Since some tasks had several
items, the total number of scored items on the test was seven. The final test was the
same as the initial test, with changed numbers. The tasks are presented in the appendix
(Appendix 1).

Intervention

In the second-grade mathematics curriculum in the Republic of Serbia (National
curriculum, 2018-2023), the outcome related to multiplication of single-digit numbers
states that the student should “multiply and divide orally within the first hundred”. In
the section on the implementation of the curriculum, it is stated that multiplication is
introduced as repeated addition (addition of equal addends), that various examples
representing a multiplicative schema are considered (when there are m elements in
each of n places), and that one of the important goals is memorization of the
multiplication and division tables up to 100. Although the Serbian curriculum implicitly
allows the use of flexible calculation strategies by introducing appropriate arithmetic
rules, the emphasis on the approach to multiplication as the sum of equal addends is
reflected in methodological approaches in textbooks, in the sense that textbooks do
not support the development of flexible multiplication strategies and the
understanding of different multiplicative situations (Zelji¢ & Dabi¢ Borici¢, 2020).
Therefore, our study compares achievement in multiplication and strategy use among
three groups of students. The first group (Arithmetic Rules Group) was taught
multiplication strategies based on arithmetic rules with the systematic use of different
visual representations. The second group (Semantic Structures of Tasks Group) learned
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multiplication through the use of different visual representations in combination with
word problems of different semantic structures. The third group, which served as the
control group, received instruction based on the equal-groups model and repeated
addition.

Arithmetic Rules Group

In this group, instruction on multiplication of single-digit numbers was based on
the consistent application of arithmetic rules, with representations used primarily as a
basis for expressing meaning and applying the rules. First, students learned
multiplication by 2, 5, and 10, and then arithmetic rules (commutativity, associativity,
and distributivity) were introduced using didactically adapted names and different
forms of representations.

The arithmetic rules that students acquired served as the basis for introducing
multiplication by the remaining single-digit numbers. Each time, students were
reminded to apply the arithmetic rule they had previously learned. Students were then
encouraged to use different multiplication strategies based on the representation
(Figure 1), and they explained their procedures as the application of specific arithmetic
rules.

Figure 1
Example of using base-ten representations

The examples were further varied by using representations of rectangular arrays
(such as those mentioned above) and domino representations. At the beginning of
instruction, students used visual representations as support for understanding the rules
and their application, while later they performed calculations without using
representations.
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Semantic Structures Group

The main difference in relation to the instructional approach applied in the
Arithmetic Rules Group was that students in the Semantic Structures Group were not
explicitly taught arithmetic rules. Instead, they applied these rules implicitly, relying on
the structures of visual representations and the semantic structures of the word
problems they solved. Representations of rectangular arrays, base-ten representations,
and equal groups (domino representations) were used, and calculation strategies were
encouraged through their different structures and diverse grouping of composite units
(Figure 1). In addition, students solved word problems with different semantic
structures (equal groups, multiplicative comparison, Cartesian product, rectangular
arrays, measurement relationships). Arithmetic rules were formally introduced only in
the final phase of instruction on multiplication of single-digit numbers and were not
used as the basis for learning multiplication, unlike in the Arithmetic Rules Group. The
rules were explained through generalizations based on realistic situations, similarly to
the Arithmetic Rules Group.

Control Group

In the Control Group, multiplication of single-digit numbers was learned through
an additive approach. This instructional model is based on the national curriculum and
supported by the textbook used by the students. Multiplication was primarily
represented through the equal-groups model, while other meanings of multiplication
were minimally represented. This approach integrates additive and multiplicative
thinking and emphasizes the conceptual difference between situations of the type “m
groups of n elements”. Determining the product of two numbers was based on
repeated addition; for example, 3 x 6 = 6 + 6 + 6. Although the rules of commutativity
and associative grouping were taught, students in this group did not learn
multiplication of a sum or difference by a number (the distributive property) during
instruction on multiplication of single-digit numbers. Commutativity was introduced
using a rectangular array, but its application was limited to supporting multiplication
through the addition of equal addends (e.g., it is easier to calculate 2 x 6 as 6 + 6 than 6
x 2 as the sum of six twos). Similarly, associativity was introduced through a contextual
example, but solely with the aim of showing that three factors can be multiplied in
different orders (e.g., 2 x (5 x 3) = (2 x 5) x 3). Although students understood these
rules and could apply them to numbers, they were not used in subsequent instruction
as a basis for calculation strategies, which means that their operational use was absent.
The rule of multiplying a sum by a number (following the textbook as the basis for
designing the operational plan) was not introduced within the topic of multiplication of
single-digit numbers.

Data analysis plan

Each requirement (item) on the knowledge test (Appendix 1) was scored with 2
points if the student wrote a multiplication expression, with 1 point if the student
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wrote an addition expression, and with 0 points if the student did not write an
expression or arrived at the answer by counting. We will present the metric
characteristics of the test and then compare group achievement using one-way ANOVA
for the initial test and ANCOVA for the final test. To analyze the use of strategies (the
second research question), three researchers independently reviewed each test,
exchanged their reports on categories, and reached consensus on the final list of
categories:

— Counting (as described in Mulligan & Mitchelmore, 1997 and Sherin & Fuson, 2005);
— Repeated addition, e.g., 2 + 2 + 2 = 6 (Sherin & Fuson, 2005);

— Doubling, e.g., 7 x 8 = 56, based on doubling: double 7 is 14, then 14 + 14 = 28,
and 28 + 28 = 56 (Downton & Sullivan, 2017);

— Learned products, i.e., direct recall of multiplication facts without visible
calculation (Sherin & Fuson, 2005);

— Multiplicative strategies, i.e., decomposing numbers using the distributive
property, associativity, and/or estimation, i.e., using known (“easy”) products to
calculate the value of an unknown product (Downton & Sullivan, 2017).

To answer the question of the influence of the form and type of representation
on students' success and multiplication strategies, we will analyze item difficulty indices
and the distribution of strategies in the whole sample. To analyze differences in the
distributions of strategy use, we used the chi-square test. The data were analyzed in SPSS.

Results

Descriptive indicators of achievement (M — arithmetic mean, Md — median, SD —
standard deviation, Min, Max, Max% — percentage of students with the maximum
number of points) for the total score on the initial and final tests are presented in Table 2.

Table 2
Descriptive indicators of achievement by group on the initial and final tests

Control Group Arithmetic Rules Group Semantic Structures Group

Test Initial Final Initial Final Initial Final
M 6,60 5,90 8,97 11,29 8,96 12,07
Md 6,00 6,00 9,00 14,00 10,00 14,00
SD 3,95 4,72 3,81 4,20 3,95 3,34
Min 0 0 1 0 0 2

Max 14 14 14 14 14 14

Max% 6,7% 6,7% 19,4% 54,8% 14,3% 64,3%

Scores on the initial test showed moderate reliability measured by Cronbach's
alpha coefficient (o = .76), with a standard error of measurement SEM = 0.95, while
high reliability was recorded on the posttest (a = .90), with a lower measurement error
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(SEM = 1.54). A pronounced ceiling effect was observed on the final test, since a
significant percentage of students in the experimental groups achieved the maximum
score (14/14), indicating limited discriminativeness of the test in the upper part of the
scale after the intervention and requiring caution in interpreting achievement
differences on the final test. Iltem analysis (r — corrected item-total correlation, a_del —
alpha coefficient if the item is deleted, p — difficulty index, calculated as half of the
arithmetic mean) on the initial and final tests is presented in Table 3.

Table 3
Item analysis on the initial (Pre) and final test (Post)
Iltem Test 1) 2a) 2b) 2v) 3) 43) 4b)
M Pre 1.12 1.03 0.89 0.99 1.33 1.37 1.44
Post 1.10 1.45 1.19 1.16 1.65 1.63 1.54
SD Pre 1.00 0.88 0.91 0.90 0.88 0.84 0.82
Post 1.00 0.89 0.96 0.96 0.74 0.77 0.84
r Pre .39 .52 51 .59 .28 .56 .57
Post .53 .76 .82 .82 .68 .66 77
o_del Pre .76 .73 .73 71 .78 72 72
Post 91 .88 .88 .88 .89 .90 .88
p Pre .560 515 445 495 .665 .685 .720
Post .550 .725 .595 .580 .825 .815 770

On the initial test, item difficulty indices ranged from p = .445 to p = .720, with
moderate discriminativeness (corrected item-total correlation from r = .28 to r = .59).
Item 3 had the lowest discriminativeness, and deleting this item would slightly increase
the reliability of the scale. On the final test, an increase in the difficulty indices of most
items was observed (from p = .550 to p = .825), as well as markedly better
discriminative characteristics (r = .53 to r = .82), which is consistent with higher internal
consistency on the final test. At the same time, the highest difficulty-index values on
items 3 and 4a indicate that these items were very easy on the final test and probably
contributed to the observed ceiling effect at the level of the total score.

One-way ANOVA was used to examine differences among the groups on the
initial test. The assumption of homogeneity of variances was met (Levene p =.937). The
test showed statistically significant differences in achievement on the initial test among
the three groups, F (2, 86) = 3.66, p = .030 (np? = 0,08), with post hoc comparisons
(Tukey) showing that the control group had lower achievement than both experimental
groups (borderline significant: p =.052 and p = .060), while the experimental groups did
not differ (p > .05). Given the initial differences in achievement, ANCOVA was applied to
compare the groups on the final test, with the final-test score as the dependent
variable and the initial-test score as the covariate. The assumption of homogeneity of
regression slopes was met, because the interaction between group and initial score was
not statistically significant, F (2, 85) = .38, p = .682, np? = .01. Therefore, a standard
ANCOVA was conducted with the initial-test score as a covariate. The results showed a
significant effect of the covariate (F (2, 85)= 13.77, p < .001, np? = .14), indicating that

68



Visual Representations as Support for the Development of Multiplicative Thinking

initial achievement was significantly related to success on the final test. After
controlling for the initial test, a statistically significant effect of group was also found
(F (2, 85)= 14.56, p < .001, np? = .26), meaning that the control group and the two
experimental groups differed in achievement on the final test independently of the
initial level of knowledge. The control group had a significantly lower adjusted mean
than both experimental groups (Table 4). Post hoc comparisons of adjusted means
showed that the control group achieved statistically significantly lower results on the
final test than the Arithmetic Rules Group (p < .001) and the Semantic Structures Group
(p < .001). In contrast, the difference between the two experimental groups was not
statistically significant (p > .05), indicating that, after controlling for initial achievement,
the two implemented interventions led to comparable effects on the final test.

Table 4
Adjusted means (M_adj), standard error (SE), and 95% confidence interval (95% Cl) for success on
the final test

M_adj SE 95% Cl
Control Group 6.52 .73 [5.08, 7.96]
Arithmetic Rules Group 10.97 .70 [9.58, 12.36]
Semantic Structures Group 11.76 .74 [10.29, 13.22]

Note. Calculated for the covariate value at the sample mean level, 8.17.

Frequencies and percentages of the use of different strategies on the tests are
presented in Table 5. The results of the chi-square test show that the groups differed in
the distribution of strategy use on the initial test x?(410, 8) = 55.06, p < .01, CramerV = .26,
and on the final test x?(407, 8) = 109.91, p < .01, CramerV = .37.

Table 5

Frequencies and percentages of strategies on the initial (pre) and final (post) tests

Strategy Control Group  Arithmetic Rules Group Semantic Structures Group

Pre Post Pre Post Pre Post

Counting 60 11 21 3 32 3
48.0% 11.3% 13,6% 1.9% 24.4% 2.0%

Repeated addition 64 11 109 17 81 11
51.2% 11.3% 70,8% 10.8% 61.8% 7.2%

Doubling 1 9 22 54 14 56
0.8% 9.3% 14,3% 34.2% 10.7% 36.8%

Multiplication table 0 52 0 22 2 15
0.0% 53.6% 0,0% 13.9% 1.5% 9.9%

Multiplicative strategies 0 14 2 62 2 67
0.0% 14.4% 1,3% 39.2% 1.5% 44.1%

To reveal the influence of the form and type of representation on students'
choice of strategies, we present strategy use in the total sample (Table 6). The
requirement in the first task is to complete the picture (Appendix 1), so this task was
not used when examining the use of strategies.
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Table 6
Frequency and percentage of strategy use on each task
Strategy Test 2a) 2b) 2v) 3) 43) 4b) Total
Counting Pre 12 13 25 17 24 22 113
10.6% 11.5% 22.1% 15.0% 21.2% 19.5% 100%
Post 5 1 2 3 3 3 17
294% 59% 11.8% 17.6% 17.6% 17.6% 100%
Repeated addition Pre 47 24 37 53 45 48 254
185% 9.4% 14.6% 20.9% 17.7% 18.9% 100%
Post 1 15 8 6 5 4 39
26% 385% 20.5% 154% 12.8% 10.3% 100%
Doubling Pre 4 19 2 0 7 5 37
10.8% 51.4% 5.4% 0.0% 18.9% 13.5% 100%
Post 27 17 34 31 6 4 119
22.7% 143% 28.6% 26.1%  5.0% 3.4% 100%
Multiplication Pre 0 0 0 0 1 1 2
table 0.0% 0.0% 0.0% 0.0% 50.0% 50.0% 100%
Post 33 11 4 13 16 12 89
37.1% 124% 45% 14.6% 18.0% 13.5% 100%
Multiplicative Pre 0 0 0 1 1 2 4
strategies 0.0% 0.0% 0.0% 25.0% 25.0% 50.0% 100%
Post 4 12 7 26 45 49 143

2.8% 8.4% 4.9% 18.2% 31.5% 34.3% 100%

Discussion

The results of the study show that different instructional approaches to
multiplication affect students' success in solving visually represented multiplicative
tasks, that is, their understanding of different multiplicative representations. After
controlling for initial achievement, the analysis of covariance showed that students in
both experimental groups achieved statistically significantly better results on the final
test than the control group, while the difference between the two experimental groups
was not statistically significant. Therefore, regardless of whether students were taught
using arithmetic rules or semantic structures, systematic work with different
representations of multiplication contributed to students' greater success in solving
visually represented multiplicative tasks. These results confirm the view that instruction
focused exclusively on the equal-groups model does not enable students to develop the
breadth of meanings of multiplication (Anghileri, 2000; Barmby et al., 2009;
Gravemeijer, 1999; Hackenberg, 2010; Kosko, 2020; Steffe, 1994; Tzur et al., 2021), but
rather encourages a limited understanding of multiplication as repeated addition.
Within such a conceptual framework, students often fail to recognize multiplicative
structure in new contexts or visual representations, which may lead to lower
achievement on tasks that require more flexible understanding (Kosko, 2020; Lamon, 2007).

A particularly important finding concerns the dynamics of achievement within
the control group. Descriptive indicators show that students in the control group did
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not make progress during the intervention period; on the contrary, their average result
on the final test was somewhat lower than on the initial test (Table 2). This result
indicates not only the absence of a positive effect of the applied approach, but also
possible stagnation or regression in the understanding of multiplicative relationships.
The results of the control group show insufficiently developed understanding of
multiplicative situations, which may also be a consequence of the overemphasis on
additive thinking in instruction (Clark & Kamii, 1996; Greer, 1992), from which students
find it difficult to move away if it is dominantly represented. These results also confirm
that students do not spontaneously notice multiplicative structure (Anghileri, 1995;
Barmby et al., 2009; Barmby et al., 2011). On the other hand, exposing students to
different contexts enables them to form a network of connected meanings and to
recognize the common structure in different representations of the same situation
(Downton & Sullivan, 2017; Fuson, 2003; Siemon et al., 2005; Van de Walle, 2006). This
finding supports the view that visual models function as carriers of the meaning of the
multiplication operation, because they enable the coordination of multiple levels of
units and the linking of symbolic notation with the meaning of the representation of a
multiplicative situation (Anghileri, 2000; Hiebert & Carpenter, 1992; Kosko, 2020;
Mulligan & Mitchelmore, 1997).

The second research task concerned the examination of the influence of the way
in which multiplication of single-digit numbers is taught on the development of flexible
multiplication strategies. The results of the study indicate significant changes in
students' multiplication strategies between the initial and final testing. On the initial
test, counting and repeated addition strategies dominated in all groups, indicating
limited multiplicative understanding and reliance on the conception of multiplication as
“shortened” addition. This finding is consistent with the view that the development of
multiplicative thinking represents a gradual transition from additive to relational
understanding of relationships between quantities (Greer, 1992; Siemon et al., 2005).
On the final test, a significant decrease in the use of these strategies and an increase in
the use of multiplication-table knowledge and more flexible multiplication strategies
were observed. Thus, regardless of the teaching model, students will manage to master
multiplication of single-digit numbers to a similar extent. However, Kilpatrick (2001)
emphasized the importance of learning procedures and calculation strategies with
understanding, because acquiring them without understanding leads to difficulties in
calculations with multi-digit numbers (Zeljic et al., 2025). Students in the control group
did not show a strong increase in flexible multiplicative strategies. The control group
most often relied on learned products to determine the product of two numbers
(53.6% of the strategies used), significantly more than the Arithmetic Rules Group
(13.9%) and the Semantic Structures Group (9.9%). Students in the control group also
often used repeated addition and counting (11.3% each). The dominant use of factual
knowledge and the absence of efficient strategies indicate that students learned
multiplication facts by heart and that their thinking remained additive in nature
(Baroody, 2006; Steel & Funnell, 2001; Zeljic et al., 2019; Zeljic et al., 2025). In other
words, instruction based on equal groups and repeated addition enables the use of
counting, repeated addition, and memorization of products, but does not encourage
the transition to higher levels of unit coordination and, consequently, to higher levels of
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multiplicative reasoning (Hackenberg, 2010; Steffe, 1994). Regardless of the efficiency
of a strategy, students resorted to the strategies in which they felt most secure
(Baranes et al., 1989). Although such knowledge enables efficient task solving, it does
not necessarily imply understanding different multiplicative situations or the ability to
choose a strategy depending on the context (Greer, 1992; Siemon et al., 2005). Our
results confirm the view that, without systematic support through different
representations and activities, students less frequently develop more sophisticated
forms of multiplicative reasoning spontaneously (Steel & Funnell, 2001). By contrast, in
the experimental groups a pronounced increase was observed in doubling strategies
and multiplicative strategies, with less reliance on purely memorized multiplication-
table knowledge. The results show that the use of different representations also
encourages the application of holistic strategies (Battista, 2003; Downton & Sullivan,
2017; Hackenberg, 2010; Jacob & Mulligan, 2014; Kosko, 2020; Siemon et al., 2011;
Steffe, 1994; Tzur et al.,, 2021), as well as shaping the way students conceptualize
multiplicative relationships (Kosko, 2020). Work with diverse representations can
encourage the construction of multiplication strategies without direct reliance on
formal arithmetic rules, which is consistent with studies showing that strategies can be
developed through meaningful activities and problem solving (Downton & Sullivan,
2017; Mulligan & Mitchelmore, 1997). The results also show that younger children are
capable of understanding the properties of operations when these are grounded in
meaningful activities and problems (Carpenter et al., 2015; Nunes & Bryant, 1996), as
well as applying them as a basis for flexible strategies (Gotze & Baiker, 2021; Fuson,
2003; Van de Walle, 2006).

The next research question concerned the influence of the form of
representation on the development of multiplicative thinking and multiplication
strategies. The results of the study show that the form and type of representation have
a significant influence on both students' success and their choice of multiplication
strategies, which is contrary to the results reported by Kosko (2020). The first task on
the test required students to complete a partially started rectangular array on the basis
of a given expression. Research shows that the ability to construct a rectangular
representation independently is an indicator of more developed multiplicative thinking
(Gravemeijer, 1999; Mulligan & Mitchelmore, 1997; Young-Loveridge, 2005), which enables
the application of different strategies. The value of the difficulty index for this task indicates
moderate success, both on the initial test (p = .560) and on the final test (p = .550). This
result points to the need for further work on developing students' multiplicative thinking.
The relatively low success may be partly explained by students' limited experience,
especially in the control group, with rectangular arrays in instruction.

The second task was based on the equal-groups model, but the same situation
was represented through different structuring of composite units: as 6 x 4, but also as 2
x4+2x4+2x4and3 x4+ 3 x4, The greatest difficulties occur in tasks 2b and 2v
(difficulty indices on the initial test p = .515 and p = .445, respectively), where the
structure is represented as the sum of partial products. Students must notice that
several composite units can represent the same quantity as a single product, which
requires a higher level of conceptual understanding. According to the theory of units
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coordination, the ability to construct and coordinate composite units represents the
basis of multiplicative thinking (Hackenberg, 2010; Kosko, 2020; Steffe, 1994). These
results indicate that students often experience a multiplicative situation as a fixed
structure rather than as a relationship that can be reorganized (Lamon, 2007; Kosko,
2020). On the third task with a rectangular array, students showed better achievement
(p = .825), especially on the final test. This supports the views that the use of
rectangular arrays supports understanding of commutativity and distributivity and
encourages the use of flexible multiplication strategies (Anghileri, 2000; Harries &
Barmby, 2007; Young-Loveridge, 2005). In terms of schema theory, they facilitate the
transition toward higher multiplicative concepts. The greatest success on the initial test
was recorded on tasks with base-ten representations (the fourth task, p = .685 and
p =.720) and success on this task was also high on the final test (p = .815 and p = .770,
respectively). The spatial organization of tens and ones enables students to view
multiplication as an operation on structured units, rather than as repeated addition
(Fuson, 2003; Hiebert & Wearne, 1992; Kosko, 2020; Tzur et al., 2021).

The largest number of strategies that students used intuitively before systematic
instruction in multiplication were counting and repeated addition (113 and 254
strategies, respectively). A significant increase in the doubling strategy in task 2b on the
initial test (51.4% of the use of the doubling strategy occurred on this task) indicates
the development of the ability to work with more complex units (Hackenberg, 2010;
Kosko, 2020). On the other hand, on the final test there was a noticeable increase in
the use of multiplicative strategies on tasks with rectangular and base-ten
representations — of the 143 multiplicative strategies used, 84% were used on the third
and fourth tasks. These results partially confirm the view that the choice of strategies
depends more on the way the unit is represented and quantified than on the form of
the representation itself (Kosko, 2020).

Among the limitations of the study, it may be noted that the research was
conducted on a convenience sample of students from one school institution, with the
results interpreted within the instructional context and the current curriculum. In
addition, the number of tasks for individual types of visual representations was limited,
which was conditioned by the scope of the broader study, while this paper presents
selected parts of the overall research material.

Conclusion

The results of the study show that students' success in solving visually
represented multiplication tasks depends to a significant extent on the instructional
model that was applied, with the form of representation also emerging as an important
factor. The Control Group, which learned multiplication primarily through the equal-
groups model and repeated addition, did not show progress on the final test; rather, it
achieved somewhat lower results than on the initial measurement. The formal
introduction of arithmetic rules in instruction will not lead to their operational
application without the use of representations and problems that are carriers of the
meaning of rules and calculation procedures. Our results show that the additive approach,
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although important in the early phase and dominantly emphasized in our curriculum and
textbooks, is not sufficient for the development of multiplicative thinking.

Overall, the results of this study have important implications for the design of
multiplication instruction in early mathematics education. They indicate that the
development of multiplicative thinking requires instruction that goes beyond the
repeated-addition model and systematically includes work with different
representations, semantic structures of tasks, and arithmetic rules as carriers of
mathematical meaning. The results particularly point to the need for greater
representation of base-ten representations in instructional practice and textbook
materials, since they support the understanding of multiplication as an operation on
structured units and encourage the development of more flexible multiplicative
strategies. Nevertheless, in practice they are often insufficiently represented in early
multiplication instruction, as well as in studies examining the role of representations in
understanding multiplication of single-digit numbers.

Appendix

Appendix 1
Tasks used in the research
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